
International Workshop “Noncommutative Geometry and Physics 2009,” Keio University, Hiyoshi: Feb 20, 2009

Generalized Geometries in String Compactification Scenarios

Tetsuji KIMURA
Yukawa Institute for Theoretical Physics, Kyoto University

http://www.tuhep.phys.tohoku.ac.jp/NCG-P/workshop2009/
http://www.yukawa.kyoto-u.ac.jp/english/index.php


Introduction: Compactifications in String Theories



We are looking for the origin of 4D physics

Physical information� �

Particle contents and spectra

(Broken) symmetries

Potential, vacuum and cosmological constant
� �
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What kind of 4D models come from String Theories?

↓
What kind of Compactifications?

4 = 10 − 6 = 11 − 7
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B. de Wit and J. Louis, in the Proceedings “NATO Advanced Study Institute on Strings, Branes and Dualities (1997)” hep-th/9801132
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Many Abelian Supergravities (SUGRA) in lower dimensions

Compactifications on Tori, Calabi-Yaus, etc.

Minkowski ground state, massless fields

Global E7 symmetry (4D N = 8 case)

Many Gauged SUGRA in lower dimensions

Compactifications on group manifolds, torsionful manifolds, etc.

Scalar potential generating masses [Moduli Stabilization]

Non-trivial cosmological constant
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There are various Gauged SUGRA

which cannot be derived from String Theories

compactified on conventional geometric backgrounds
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There are various Gauged SUGRA

which cannot be derived from String Theories

compactified on conventional geometric backgrounds

L9
9

We want to derive all Gauged SUGRA from String Theories
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There are various Gauged SUGRA

which cannot be derived from String Theories

compactified on conventional geometric backgrounds

L9
9

We want to derive all Gauged SUGRA from String Theories

Compactify String Theories on non-conventional geometries:
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There are various Gauged SUGRA

which cannot be derived from String Theories

compactified on conventional geometric backgrounds

L9
9

We want to derive all Gauged SUGRA from String Theories

Compactify String Theories on non-conventional geometries:

Nongeometric String Backgrounds
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What is a Nongeometric String Background?

Structure group = Diffeo. (GL(d,R)) + Duality transf. groups︸ ︷︷ ︸
↑

coming from String dualities

GL(d,R) + duality transf.

d-dim. internal space Md ' monodrofold
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SUGRA on Nongeometric String Backgrounds

cf.) Lower-dim. Gauged SUGRA compactified by Scherk-Schwarz mechanism

“Kaloper-Myers” algebra:

[Za, Zb] = fab
cZc +HabcX

c

[Xa, Xb] = Qab
cX

c +RabcZc

[Xa, Zb] = fa
bcX

c −Qac
bZc

Various “fluxes” are involved

N. Kaloper, R.C. Myers hep-th/9901045

J. Shelton, W. Taylor, B. Wecht hep-th/0508133, A. Dabholkar, C.M. Hull hep-th/0512005

M. Graña, R. Minasian, M. Petrini, D. Waldram arXiv:0807.4527
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String Theories compactified on Nongeometric Backgrounds

↓
All(?) Gauged SUGRA

Hitchin’s Generalized Geometries to study vacua

Hull’s Doubled Formalism to find gauge symmetries
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Calabi-Yau three-folds 99K Fluxes are highly restricted
type IIA : No fluxes

type IIB : F3 − τH (warped Calabi-Yau)

heterotic : No fluxes

SU(3)-structure manifolds 99K Some components of fluxes can be interpreted as torsion

Piljin Yi, TK “Comments on heterotic flux compactifications” JHEP 0607 (2006) 030, hep-th/0605247

TK “Index theorems on torsional geometries” JHEP 0708 (2007) 048, arXiv:0704.2111

Generalized geometries 99K Any types of fluxes can be introduced

“Complete” classification of N = 1 SUSY solutions
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Motivation and Results

Search 4D SUSY vacua in type IIA theory compactified on generalized geometries

Moduli stabilization

We find SUSY AdS (or Minkowski) vacua

Mathematical feature

We obtain a powerful rule to evaluate vacua:

Discriminant of the superpotential governs the cosmological constant

Stringy effects

We see that α′ corrections are included in certain configurations
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Decompositions of spinors in 10D type II string theories

Decomposition of vector bundle on 10D spacetime:

TM9,1 = T3,1 ⊕ F{
T3,1 : a real SO(3, 1) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures
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Decompositions of spinors in 10D type II string theories

Decomposition of vector bundle on 10D spacetime:

TM9,1 = T3,1 ⊕ F{
T3,1 : a real SO(3, 1) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures

Decomposition of Lorentz symmetry:

Spin(9, 1)→ Spin(3, 1)× Spin(6) = SL(2,C)× SU(4)

16 = (2,4)⊕ (2,4) 16 = (2,4)⊕ (2,4)
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Decompositions of spinors in 10D type II string theories

Decomposition of vector bundle on 10D spacetime:

TM9,1 = T3,1 ⊕ F{
T3,1 : a real SO(3, 1) vector bundle

F : an SO(6) vector bundle which admits a pair of SU(3) structures

Decomposition of Lorentz symmetry:

Spin(9, 1)→ Spin(3, 1)× Spin(6) = SL(2,C)× SU(4)

16 = (2,4)⊕ (2,4) 16 = (2,4)⊕ (2,4)

Decomposition of supersymmetry parameters (with a, b ∈ C):

ε1IIA = ε1 ⊗ (a η1
−) + εc

1 ⊗ (a η1
+)

ε2IIA = ε2 ⊗ (b η2
+) + εc

2 ⊗ (b η2
−)

ε1IIB = ε1 ⊗ (a η1
−) + εc

1 ⊗ (a η1
+)

ε2IIB = ε2 ⊗ (b η2
−) + εc

2 ⊗ (b η2
+)

Set SU(3) invariant spinor ηA+ s.t. ∇(T )ηA+ = 0 (A = 1, 2)

a pair of SU(3) on F (η1
+, η

2
+) ←→ a single SU(3) on F (η1

+ = η2
+ = η+)
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Geometric objects

I with a single SU(3):
a real two-form Jmn = ∓2i η†± γmn η±

a complex three-form Ωmnp = −2i η†− γmnp η+
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Geometric objects

I with a single SU(3):
a real two-form Jmn = ∓2i η†± γmn η±

a complex three-form Ωmnp = −2i η†− γmnp η+

I with a pair of SU(3):

two real vectors (v − iv′)m = η1†
+ γ

m η2
−

(JA,ΩA)

J1 = j + v ∧ v′ , Ω1 = w ∧ (v + iv′)

J2 = j − v ∧ v′ , Ω2 = w ∧ (v − iv′)

(j, w): locally SU(2)-invariant two-forms
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Geometric objects

I with a single SU(3):
a real two-form Jmn = ∓2i η†± γmn η±

a complex three-form Ωmnp = −2i η†− γmnp η+

I with a pair of SU(3):

two real vectors (v − iv′)m = η1†
+ γ

m η2
−

(JA,ΩA)

J1 = j + v ∧ v′ , Ω1 = w ∧ (v + iv′)

J2 = j − v ∧ v′ , Ω2 = w ∧ (v − iv′)

(j, w): locally SU(2)-invariant two-forms

η2
+ = c‖η

1
+ + c⊥(v + iv′)m γm η1

− , |c‖|2 + |c⊥|2 = 1

If η1
+ 6= η2

+ globally: a single SU(2) w/ (j, w, v, v′)

If η1
+ = η2

+ globally: a single SU(3) w/ (J,Ω)

a pair of SU(3) on F ∼ SU(3)× SU(3) on F ⊕ F ∗
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ex.) SU(3)-structure manifolds

i Information from Killing spinor eqs. with torsion ∇(T )η± = 0 (∃complex Weyl η±)

I Invariant p-forms on SU(3)-structure manifold:

a real two-form Jmn = ∓2i η†± γmn η±

a holomorphic three-form Ωmnp = −2i η†− γmnp η+

dJ =
3
2

Im(W1Ω) + W4 ∧ J + W3 dΩ = W1J ∧ J + W2 ∧ J + W5 ∧ Ω

I Five classes of (intrinsic) torsion are given as

components interpretations SU(3)-representations

W1 J ∧ dΩ or Ω ∧ dJ 1⊕ 1

W2 (dΩ)2,2
0 8⊕ 8

W3 (dJ)2,1
0 + (dJ)1,2

0 6⊕ 6

W4 J ∧ dJ 3⊕ 3

W5 (dΩ)3,1 3⊕ 3
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I Classification of SU(3)-structure manifolds:

complex

hermitian W1 = W2 = 0

balanced W1 = W2 = W4 = 0

special hermitian W1 = W2 = W4 = W5 = 0

Kähler W1 = W2 = W3 = W4 = 0

Calabi-Yau W1 = W2 = W3 = W4 = W5 = 0

conformally Calabi-Yau W1 = W2 = W3 = 3W4 + 2W5 = 0

almost complex

symplectic W1 = W3 = W4 = 0

nearly Kähler W2 = W3 = W4 = W5 = 0

almost Kähler W1 = W3 = W4 = W5 = 0

quasi Kähler W3 = W4 = W5 = 0

semi Kähler W4 = W5 = 0

half-flat ImW1 = ImW2 = W4 = W5 = 0
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Generalized almost complex structures

Introduce a generalized almost complex structure J on F ⊕ F ∗ s.t.

J : F ⊕ F ∗ −→ F ⊕ F ∗

J 2 = −12d

∃ O(d, d) invariant metric L, s.t. J TLJ = L

Structure group on F ⊕ F ∗

∃L GL(2d) 99K O(d, d)

J 2 = −12d O(d, d) 99K U(d/2, d/2)

J1,J2 U1(d/2, d/2) ∩ U2(d/2, d/2) 99K U(d/2)× U(d/2)

integrable J1,2 U(d/2)× U(d/2) 99K SU(d/2)× SU(d/2)
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I Integrability is discussed by “(0, 1)” part of the complexified F ⊕ F ∗:

Π ≡ 1
2
(12d − iJ )

ΠA = A where A = v + ζ is a section of F ⊕ F ∗

We call this A i-eigenbundle LJ whose dimension is dimLJ = d.
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I Integrability is discussed by “(0, 1)” part of the complexified F ⊕ F ∗:

Π ≡ 1
2
(12d − iJ )

ΠA = A where A = v + ζ is a section of F ⊕ F ∗

We call this A i-eigenbundle LJ whose dimension is dimLJ = d.

Integrability condition of J is

Π
[
Π(v + ζ),Π(w + η)

]
Courant

= 0 ; v, w ∈ section of F ; ζ, η ∈ section of F ∗

�

�

�

�
[
v + ζ, w + η

]
Courant

= [v, w]Lie + Lvη − Lwζ −
1
2
d(ιvη − ιwζ) Courant bracket
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I Two examples of generalized almost complex structures:

J− =

(
I 0
0 −IT

)
w/ I2 = −1d: almost complex structure

J+ =

(
0 −J−1

J 0

)
w/ J : almost symplectic form

integrable J− ↔ integrable I

integrable J+ ↔ integrable J

On a usual geometry, Jmn = gmp I
p
n is given by an SU(3) invariant (pure) spinor η+ as

Jmn = −2i η†+γmnη+ γiη+ = 0 γιη+ 6= 0

In a similar analogy, we want to find pure spinor(s) Φ on gengeralized geometry.

TETSUJI KIMURA: GENERALIZED GEOMETRIES IN STRING COMPACTIFICATION SCENARIOS



Cliff(6, 6) pure spinors

On F ⊕ F ∗, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γm,Γn} = 0 {Γm, Γ̃n} = δm
n {Γ̃m, Γ̃n} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)
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Cliff(6, 6) pure spinors

On F ⊕ F ∗, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γm,Γn} = 0 {Γm, Γ̃n} = δm
n {Γ̃m, Γ̃n} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)

Weyl spinor bundles S± are isomorphic to bundles of forms F ∗:

Φ+ ∈ S+ ∼ section of ∧evenF ∗

Φ− ∈ S− ∼ section of ∧oddF ∗

A form-valued representation of the algebra

Γm = dxm∧ , Γ̃n = ι∂n
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Cliff(6, 6) pure spinors

On F ⊕ F ∗, we can define Cliff(6, 6) algebra and Spin(6, 6) spinor Φ:

{Γm,Γn} = 0 {Γm, Γ̃n} = δm
n {Γ̃m, Γ̃n} = 0

Irreducible repr. of Spin(6, 6) spinor is a Majorana-Weyl

→ a generic Spin(6, 6) spinor bundle S splits to S± (Weyl)

Weyl spinor bundles S± are isomorphic to bundles of forms F ∗:

Φ+ ∈ S+ ∼ section of ∧evenF ∗

Φ− ∈ S− ∼ section of ∧oddF ∗

A form-valued representation of the algebra

Γm = dxm∧ , Γ̃n = ι∂n

IF Φ is annihilated by half numbers of the Cliff(6, 6) generators:

→ Φ is called a pure spinor

cf.) SU(3) invariant spinor η+ is a pure spinor: γiη+ = 0
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An equivalent definition of a pure spinor Φ is given by “Clifford action”:

(v + ζ) · Φ = vmι∂mΦ + ζn dxn ∧ Φ w/ v: vector ζ: one-form

Define the annihilator of spinors as

LΦ ≡
{
v + ζ ∈ F ⊕ F ∗

∣∣ (v + ζ) · Φ = 0
}

dimLΦ ≤ 6

If dimLΦ = 6 (maximally isotropic) → Φ is a pure spinor
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ

Then, we can rewrite the generalized almost complex structure as

J±ΠΣ =
〈
ReΦ±,ΓΠΣ ReΦ±

〉
w/ Mukai pairing:

even forms:
〈
Ψ+,Φ+

〉
= Ψ6 ∧ Φ0 −Ψ4 ∧ Φ2 + Ψ2 ∧ Φ4 −Ψ0 ∧ Φ6

odd forms:
〈
Ψ−,Φ−

〉
= Ψ5 ∧ Φ1 −Ψ3 ∧ Φ3 + Ψ1 ∧ Φ5
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

J ↔ Φ if LJ = LΦ with dimLΦ = 6

More precisely: J ↔ a line bundle of pure spinor Φ

∵) rescaling Φ does not change its annihilator LΦ

Then, we can rewrite the generalized almost complex structure as

J±ΠΣ =
〈
ReΦ±,ΓΠΣ ReΦ±

〉
w/ Mukai pairing:

even forms:
〈
Ψ+,Φ+

〉
= Ψ6 ∧ Φ0 −Ψ4 ∧ Φ2 + Ψ2 ∧ Φ4 −Ψ0 ∧ Φ6

odd forms:
〈
Ψ−,Φ−

〉
= Ψ5 ∧ Φ1 −Ψ3 ∧ Φ3 + Ψ1 ∧ Φ5

J is integrable ←→ ∃ vector v and one-form ζ s.t. dΦ = (vx+ζ∧)Φ

generalized CY ←→ ∃Φ is pure s.t. dΦ = 0

“twisted” GCY ←→ ∃Φ is pure, and H is closed s.t. (d−H∧)Φ = 0
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Clifford map between generalized geometry and SU(3)-structure manifold

A spinor Φ can also be mapped to a bispinor by using

C ≡
∑

k

1
k!
C(k)

m1···mk
dxm1 ∧ · · · ∧ dxmk ←→ /C ≡

∑
k

1
k!
C(k)

m1···mk
γ

m1···mk
αβ
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Clifford map between generalized geometry and SU(3)-structure manifold

A spinor Φ can also be mapped to a bispinor by using

C ≡
∑

k

1
k!
C(k)

m1···mk
dxm1 ∧ · · · ∧ dxmk ←→ /C ≡

∑
k

1
k!
C(k)

m1···mk
γ

m1···mk
αβ

On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:

Φ0+ = η+ ⊗ η
†
+ =

1
4

6∑
k=0

1
k!
η†+γm1···mk

η+ γ
m1···mk =

1
8
e−iJ

Φ0− = η+ ⊗ η
†
− =

1
4

6∑
k=0

1
k!
η†−γm1···mk

η+ γ
m1···mk = − i

8
Ω

Check purity: (δ + iJ)m
n γn η+ ⊗ η

†
± = 0 = η+ ⊗ η

†
± γn(δ ∓ iJ)n

m

One-to-one correspondence: Φ0− ↔ J1, Φ0+ ↔ J2
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Clifford map between generalized geometry and SU(3)-structure manifold

A spinor Φ can also be mapped to a bispinor by using

C ≡
∑

k

1
k!
C(k)

m1···mk
dxm1 ∧ · · · ∧ dxmk ←→ /C ≡

∑
k

1
k!
C(k)

m1···mk
γ

m1···mk
αβ

On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:

Φ0+ = η+ ⊗ η
†
+ =

1
4

6∑
k=0

1
k!
η†+γm1···mk

η+ γ
m1···mk =

1
8
e−iJ

Φ0− = η+ ⊗ η
†
− =

1
4

6∑
k=0

1
k!
η†−γm1···mk

η+ γ
m1···mk = − i

8
Ω

Check purity: (δ + iJ)m
n γn η+ ⊗ η

†
± = 0 = η+ ⊗ η

†
± γn(δ ∓ iJ)n

m

One-to-one correspondence: Φ0− ↔ J1, Φ0+ ↔ J2

On a generic geometry of a pair of SU(3)-structures defined by (η1
+, η

2
+)

Φ0+ = η1
+ ⊗ η

2†
+ =

1
8
(
c‖e−ij − ic⊥w

)
∧ e−iv∧v′

Φ0− = η1
+ ⊗ η

2†
− = −1

8
(
c⊥e−ij + ic‖w

)
∧ (v + iv′)

|c‖|2 + |c⊥|2 = 1
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Φ± ≡ e−BΦ0±

Each Φ± defines an SU(3, 3) structure on E. Common structure is SU(3)× SU(3).

F is extended to E by including e−B

Compatibility requires

〈
Φ+, V · Φ−

〉
=
〈
Φ+, V · Φ−

〉
= 0 for ∀V = x+ ξ〈

Φ+,Φ+

〉
=
〈
Φ−,Φ−

〉
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗

∣∣ q(χf) < 0
}
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗

∣∣ q(χf) < 0
}

Define a Hitchin function

H(χf) ≡
√
−1

3
q(χf) ∈ ∧6F ∗

which gives an integrable complex structure on U
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Hitchin functional

Start with a real form χf ∈ ∧even/oddF ∗ (associated with a real Spin(6, 6) spinor χs)

Regard χf as a stable form satisfying

q(χf) = −1
4
〈
χf ,ΓΠΣχf

〉〈
χf ,ΓΠΣχf

〉
∈ ∧6F ∗ ⊗ ∧6F ∗

U =
{
χf ∈ ∧even/oddF ∗

∣∣ q(χf) < 0
}

Define a Hitchin function

H(χf) ≡
√
−1

3
q(χf) ∈ ∧6F ∗

which gives an integrable complex structure on U

Then we can get another real form χ̂f and a complex form Φf by Mukai pairing〈
χ̂f , χf

〉
= −dH(χf) i.e., χ̂f = −∂H(χf)

∂χf

99K Φf ≡
1
2
(χf + iχ̂f) H(Φf) = i

〈
Φf ,Φf

〉
Hitchin showed: Φf is a (form corresponding to) pure spinor!

N.J. Hitchin math/0010054, math/0107101, math/0209099
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Consider the space of pure spinors Φ ...

Mukai pairing
〈
∗, ∗
〉
−→ symplectic structure

Hitchin function H(∗) −→ complex structure

↓
The space of pure spinor is Kähler
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Consider the space of pure spinors Φ ...

Mukai pairing
〈
∗, ∗
〉
−→ symplectic structure

Hitchin function H(∗) −→ complex structure

↓
The space of pure spinor is Kähler

Compatible with Φ→ λΦ w/ λ ∈ C∗

99K The space becomes a local special Kähler geometry with Kähler potential K:

exp(−K) = H(Φ) = i
〈
Φ,Φ

〉
= i

(
XAFA −XAFA

)
∈ ∧6F ∗

XA : holomorphic projective coordinates

FA : derivative of prepotential F (FA = ∂F/∂XA)
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Kähler potentials

Moduli spaces of M are special Kähler geometries of local type

Kähler potentials, prepotentials, projective coordinates

K+ = − log i
∫

M

〈
Φ+,Φ+

〉
= − log i

(
XAFA −XAFA

)
K− = − log i

∫
M

〈
Φ−,Φ−

〉
= − log i

(
ZIGI − ZIGI

)
Expand the even/odd-forms Φ± by the basis forms:

Φ+ = X
A
ωA − FAeω

A
, ωA = (1, ωa) , eω

A
= (eω

a
, vol(M)) : 0, 2, 4, 6-forms

Φ− = Z
I
αI − GIβ

I
, αI = (α0, αi) , β

I
= (β

i
, β

0
) : 1, 3, 5-forms

∫
M

〈ωA, ωB〉 = 0 ,
∫

M

〈ωA, ω̃
B〉 = δA

B ,

∫
M

〈αI, αJ〉 = 0 ,
∫

M

〈αI, β
J〉 = δI

J
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Geometric flux charges

On generalized geometries with a single SU(3)-structure (η1
+ = η2

+):

dHωA = mA
I αI − eIA β

I dHω̃
A = 0

dHαI = eIA ω̃
A dHβ

I = mA
I ω̃A

where NS three-form H deforms the differential operator:

dH = 0 , H = Hfl + dB , Hfl = m0
I αI − eI0 β

I

dH ≡ d−Hfl∧

background charges

NS three-form flux eI0 m0
I

torsion eIa ma
I
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Nongeometric flux charges

On generalized geometries with SU(3)× SU(3) structures (η1
+ 6= η2

+ at some points):

Extend to the generalized differential operator D:

dH = d−Hfl∧ → D ≡ d−Hfl ∧ −f · −Q · −R x

DωA ∼ mA
I αI − eIA β

I Dω̃A ∼ −qIAαI + pI
A βI

DαI ∼ pI
A ωA + eIA ω̃

A DβI ∼ qIA ωA +mA
I ω̃A
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Nongeometric flux charges

On generalized geometries with SU(3)× SU(3) structures (η1
+ 6= η2

+ at some points):

Extend to the generalized differential operator D:

dH = d−Hfl∧ → D ≡ d−Hfl ∧ −f · −Q · −R x

DωA ∼ mA
I αI − eIA β

I Dω̃A ∼ −qIAαI + pI
A βI

DαI ∼ pI
A ωA + eIA ω̃

A DβI ∼ qIA ωA +mA
I ω̃A

The internal space becomes nongeometric:

(f · C)m1···mk+1
≡ fa

[m1m2
C|a|m3···mk+1] (part of) structure const. in Gauged SUGRA

(Q · C)m1···mk−1
≡ Qab

[m1
C|ab|m2···mk−1] T-fold

(R xC)m1···mk−3
≡ RabcCabcm1···mk−3

locally nongeometric background

Structure group = Diffeo. + duality trsf. 99K Hull’s Doubled formalism
to study gauge symmetries
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Flux charges on generalized geometry: summary

backgrounds flux charges

Calabi-Yau —

Calabi-Yau with H eI0 m0
I

generalized geometry w/ SU(3) eIA mA
I

generalized geometry w/ SU(3)× SU(3) eIA mA
I pI

A qIA
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4D N = 1 scalar potential

V = eK
(
KMNDMW DNW − 3|W|2

)
+

1
2
|Da|2

≡ VW + VD

Search of vacua ∂PV
∣∣
∗ = 0

V∗ > 0 : de Sitter space (non-SUSY)

V∗ = 0 : Minkowski space

V∗ < 0 : Anti-de Sitter space
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4D N = 1 scalar potential

V = eK
(
KMNDMW DNW − 3|W|2

)
+

1
2
|Da|2

≡ VW + VD

Search of vacua ∂PV
∣∣
∗ = 0

V∗ > 0 : de Sitter space (non-SUSY)

V∗ = 0 : Minkowski space

V∗ < 0 : Anti-de Sitter space

0 = ∂PVW = eK
{
KMNDPDMWDNW + ∂PK

MNDMWDNW − 2WDPW
}

0 = ∂PVD 99K Da = 0

Consider the SUSY condition DPW ≡
(
∂P + ∂PK

)
W = 0 in various cases.
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Kähler potential and dilaton

Functionals are given by two Kähler potentials on two Hodge-Kähler geometries of Φ±:

K = K+ + 4ϕ

K+ = − log i
∫

M

〈
Φ+,Φ+

〉
= − log i

(
XAFA −XAFA

)
K− = − log i

∫
M

〈
Φ−,Φ−

〉
= − log i

(
ZIGI − ZIGI

)
∫

M

vol6 =
1
8

e−K± = e−2ϕ+2φ(10)

Introduce C =
√

2ab e−φ(10)
= 4ab e

K−
2 −ϕ

∴ e−2ϕ =
|C|2

16|a|2|b|2
e−K− =

i
16|a|2|b|2

∫
M

〈
CΦ−, CΦ−

〉
=

1
8|a|2|b|2

[
Im(CZI)Re(CGI)− Re(CZI)Im(CGI)

]
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Superpotential and D-term

SUSY variations yield the superpotential and the D-term:

δψµ = ∇µε− nA SAB n
∗B γµ ε

c ≡ ∇µε− e
K
2 W γµ ε

c

δχA = ImFA
µν γ

µν ε+ iDA ε

W =
i

4ab

[
4i e

K−
2 −ϕ

∫
M

〈
Φ+,DIm(abΦ−)

〉
+

1√
2

∫
M

〈
Φ+, G

〉]
≡ WRR + U IWQ

I + ŨI W̃I
Q

WRR = − i
4ab

[
XA eRRA −FAm

A
RR

]
WQ

I =
i

4ab

[
XA eIA + FA pI

A
]
, W̃I

Q = − i
4ab

[
XAmA

I + FA q
IA
]

U I = ξI + i Im(CZI) , ŨI = ξ̃I + i Im(CGI)

DA = 2 eK+(K+)cdDcX
ADdXB

[
nC(σx)CBnB

](
Px

B −NBCP̃xC
)
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Example 1: SU(3)× SU(3) generalized geometry with RR-flux charges

1. Set a simple prepotential: F = Dabc
XaXbXc

X0

2. Consider the simplest model: single modulus t of Φ+ (and U of Φ−)
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Example 1: SU(3)× SU(3) generalized geometry with RR-flux charges

1. Set a simple prepotential: F = Dabc
XaXbXc

X0

2. Consider the simplest model: single modulus t of Φ+ (and U of Φ−)

The superpotential is reduced to

W = WRR + UWQ

WRR = m0
RR t

3 − 3mRR t
2 + eRR t+ eRR0

WQ = p0
0 t3 − 3 p0 t

2 − e0 t− e00

Consider the SUSY condition:
DtW = 0 99K 0 = DtWRR + U DtWQ

DUW = 0 99K 0 =
i

ImU

(
WRR + ReUWQ

)
The discriminant of the superpotential WRR (and WQ) governs the SUSY solutions.
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I Discriminant of cubic equation

Consider a cubic function and its derivative:

8

<

:

W(t) = a t3 + b t2 + c t + d

∂tW(t) = 3a t2 + 2b t + c

Discriminants ∆(W) and ∆(∂tW) are

∆(W) ≡ ∆ = −4b3d + b2c2 − 4ac3 + 18abcd − 27a2d2

∆(∂tW) ≡ λ = 4(b2 − 3ac)

W(t) λ > 0 λ = 0 λ < 0

∆ > 0

∆ = 0

∆ < 0
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∆RR > 0 case: always λRR > 0, and exists a zero point: DtWRR = 0

DtWRR|∗ = 0

tRR
∗ =

6 (3m0
RR eRR0 +mRR eRR)

λRR
− 2i

√
3∆RR

λRR

WRR
∗ = −24∆RR

(λRR)3
(
36 (mRR)3 + 36 (m0

RR)
2eRR0 − 3mRRλ

RR − 4im0
RR

√
3∆RR

)
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∆RR > 0 case: always λRR > 0, and exists a zero point: DtWRR = 0

DtWRR|∗ = 0

tRR
∗ =

6 (3m0
RR eRR0 +mRR eRR)

λRR
− 2i

√
3∆RR

λRR

WRR
∗ = −24∆RR

(λRR)3
(
36 (mRR)3 + 36 (m0

RR)
2eRR0 − 3mRRλ

RR − 4im0
RR

√
3∆RR

)

∆RR < 0 case: only λRR < 0 is physically allowed, and exists a zero point: WRR = 0

WRR
∗ = m0

RR(t∗ − e)(t∗ − α)(t∗ − α) = 0 , t∗ = αRR = α1 + iα2

α1 =
λRR + F 2/3 + 12mRRF

1/3

12m0
RRF

1/3

(α2)2 =
1
m0

RR

(
eRR − 6mRRα1 + 3m0

RR (α1)2
)

e = − 1
m0

RR

(
− 3mRR + 2m0

RRα1

)
F = 108 (m0

RR)
2eRR0 + 12m0

RR

√
−3∆RR + 108 (mRR)3 − 9mRR λ

RR

DtWRR|∗ = 2im0
RR(e− αRR)α2

... Analysis of WQ is also discussed.
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Three types of solutions to satisfy 0 = DtWRR + UDtWQ and 0 =WRR + ReUWQ:
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Three types of solutions to satisfy 0 = DtWRR + UDtWQ and 0 =WRR + ReUWQ:

SUSY AdS vacuum: moduli are (almost) stabilized'

&

$

%

∆RR > 0 , ∆Q > 0 ; DtWRR|∗ = 0 = DtWQ|∗

tRR
∗ = tQ∗ , ReU∗ = −W

RR
∗

WQ
∗

V∗ = −3 eK|W∗|2 = − 4
[Re(CG0)]2

√
∆Q

3
� O(1)
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Three types of solutions to satisfy 0 = DtWRR + UDtWQ and 0 =WRR + ReUWQ:

SUSY AdS vacuum: moduli are (almost) stabilized'

&

$

%

∆RR > 0 , ∆Q > 0 ; DtWRR|∗ = 0 = DtWQ|∗

tRR
∗ = tQ∗ , ReU∗ = −W

RR
∗

WQ
∗

V∗ = −3 eK|W∗|2 = − 4
[Re(CG0)]2

√
∆Q

3
� O(1)

SUSY Minkowski vacuum: moduli are stabilized'

&

$

%

∆RR < 0 , ∆Q < 0 ; WRR
∗ = 0 = WQ

∗

αRR = αQ , U∗ = −DtWRR|∗
DtWQ|∗

6= 0

V∗ = 0
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Three types of solutions to satisfy 0 = DtWRR + UDtWQ and 0 =WRR + ReUWQ:

SUSY AdS vacuum: moduli are (almost) stabilized'

&

$

%

∆RR > 0 , ∆Q > 0 ; DtWRR|∗ = 0 = DtWQ|∗

tRR
∗ = tQ∗ , ReU∗ = −W

RR
∗

WQ
∗

V∗ = −3 eK|W∗|2 = − 4
[Re(CG0)]2

√
∆Q

3
� O(1)

SUSY Minkowski vacuum: moduli are stabilized'

&

$

%

∆RR < 0 , ∆Q < 0 ; WRR
∗ = 0 = WQ

∗

αRR = αQ , U∗ = −DtWRR|∗
DtWQ|∗

6= 0

V∗ = 0

SUSY AdS vacua, but moduli t and U are not fixed: non-stabilized point

U = −DtWRR(t)
DtWQ(t)

, ReU = −W
RR(t)
WQ(t)
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Example 2: SU(3)-structure manifold

1. Set eRRA = 0 = mA
RR, pI

A = 0 = qIA, and single modulus t of Φ+ (and U of Φ−)

2. Set a deformed prepotential: F =
(Xt)3

X0
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Example 2: SU(3)-structure manifold

1. Set eRRA = 0 = mA
RR, pI

A = 0 = qIA, and single modulus t of Φ+ (and U of Φ−)

2. Set a deformed prepotential: F =
(Xt)3

X0
+
∑

n

Nn
(Xt)n+3

(X0)n+1
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Example 2: SU(3)-structure manifold

1. Set eRRA = 0 = mA
RR, pI

A = 0 = qIA, and single modulus t of Φ+ (and U of Φ−)

2. Set a deformed prepotential: F =
(Xt)3

X0
+
∑

n

Nn
(Xt)n+3

(X0)n+1

Superpotential W = UWQ with a simple setting N1 6= 0, Nn = 0:

DtWQ = −e00 +
3(t− t)2 − ∂tP

(t− t)3 − P

(
e00 + e0 t

)
P ≡ −2

(
N1 t

4 −N1 t
4 − 2N1 t

3t+ 2N1 tt
3
)

SUSY condition

DtW = DUW = 0

has a solution

'

&

$

%

tQ∗ = −2 e00
e0

, ReU∗ = 0

WQ
∗ = e00 , ImN1 < 0

V∗ = −3 eK|W∗|2 =
1

[Re(CG0)]2
3 (e0)4

16 (e00)2 ImN1

Also heterotic string on SU(3)-structure manifolds with torsion which carries α′ corrections
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Summary

Studied generalized geometries and their applications to string compactifications

Obtained a powerful rule to discuss SUSY vacua: Discriminants

Exhibited that α′ corrections are included in certain configurations

Discussions

More generic configurations

Gauge symmetries

Understanding the physical interpretation of nongeometric fluxes
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