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5.7 ໘ௐ࿨ؔ਺ٿ

5.7.1 ݱಓ֯ӡಈྔͷදي

ͯ͞ɼҎ্ͷΑ͏ʹճసͷੜ੒ݩ͸ྔֶྗࢠͷيಓ֯ӡಈྔԋࢠࢉͱ 1
!Lkͷؔ܎Λ࣋ͬ

͍ͯΔɽ܈ͷදݱͱͯ͠͸ɼੜ੒ݩΛ !k

!k = −iεkijxi∂j (5.119)

Λ͏࢖ͷ͕ࣗવͰ͋Δɽ
!k͕ SO(3)ͷϦʔ؀ͷަ܎ؔ׵Λຬͨ͢ͷͰɼදྻߦݱΛٻΊͨ࣌ͱಉ༷ʹɼঢ߱ԋ

ࢠࢉ

!± = !1 ± i!2 = −i(y∂z − z∂y)± (z∂x − x∂z)
= (∓x− iy)∂z ± z(∂x ± i∂y) = ∓X±∂z ± 2z∂∓ (5.120)

ͱɼ!z

!z = −i(x∂y − y∂x) =
1

2
[(x+ iy)(∂x − i∂y)− (x− iy)(∂x + i∂y)] (5.121)

Λఆ͓ٛͯ͘͠ɽ͜͜Ͱɼ৽͍͠࠲ඪ

X± = x± iy , ∂± =
1

2
(∂x ∓ i∂y) , [∂+, X+] = [∂−, X−] = 1 (5.122)

Λಋೖͨ͠ɽX∗
+ = X−.͜ͷ࠲ඪʹม਺ม͢׵ΔͱɼͦΕͧΕͷԋࢠࢉ͸

!± = ∓(x±∂z − 2z∂∓) , !z = X+∂+ −X−∂− (5.123)

ͱॻ͚Δɽ
Ұൠ࿦ʹैͬͯɼط໿දݱ͸ɼhighest weight state ͔Β࡞Δ͜ͱ͕Ͱ͖Δɽͦ͜Ͱ

!+Ψll(x, y, z) = 0 (5.124)

ͱͳΔΑ͏ͳؔ਺ΛٻΊΔͱɼalΛఆ਺ͱͯ͠

Ψll = alX
l
+ = al(x+ iy)l (5.125)

!k− = (X−∂z − 2z∂+)
k (5.126)

Ψlm = al

√
(l +m)!

(2l)!(l −m)!
!l−m
− X l

+ (5.127)
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5.7.2 ඪදࣔ࠲ۃ

͜ͷΑ͏ͳɼؔ਺͸ճసରশੑͷ͋Δ࣌ͷ೾ಈؔ਺ͱͯ͠ݱΕΔɽྫ͑͹த৺ྗϙςϯ
γϟϧͷ࣌ͷγϡϨσΟϯΨʔํఔࣜΛղ͘৔߹࠲ۃඪΛͱΔͷ͕௨ৗͳͷͰɼදݱͷج
ఈΛ࠲ۃඪͰͭͬͯ͘ΈΔɽϋϛϧτχΞϯ͸

H =
1

2m
$p2 + V (r) =

−!2
2m

∇2 + V (r) (5.128)

Ͱ༩͑ΒΕΔɽ͜͜Ͱɼ࠲ۃඪͷϥϓϥγΞϯ͸

∆ = ∇2 =
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2
(−$!2) (5.129)

− $!2 =
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

∂2

∂φ2
(5.130)

Ͱ༩͑ΒΕΔɽม਺෼཭Λ͜͏ߦͱʹΑΓ೾ಈؔ਺͸ χ(r)ψ(θ,φ)ͱॻ͚

$!2ψ = αψ (5.131)

ͱ͍͏ݻ༗ؔ਺͕ɼ֯౓ํ޲ͷ೾ಈؔ਺Λ༩͑Δ͜ͱʹͳΔɽ͜͜ʹɼճస܈ͷද͕ؔݱ
Θͬͯ͘Δɽ
͸ݩͱɼճసͷੜ੒͏࢖ඪΛ࠲ۃͷݩ࣍̏

!1 = i(sinφ
∂

∂θ
+ cot θ cosφ

∂

∂φ
)

!2 = i(− cosφ
∂

∂θ
+ cot θ sinφ

∂

∂φ
)

!3 = −i
∂

∂φ
(5.132)

ͱॻ͚ɼΧγϛΞԋࢠࢉʢશ֯ӡಈྔʣ͸

$!2 = −(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2
) (5.133)

ͱͳΔͷͰɼϥϓϥγΞϯʹݱΕΔ֯౓ํ޲ͷԋࢠࢉͱͪΐ͏ͲҰக͢Δɽͦ͜Ͱɼճస
΍Ε͹Α͍ɽͯͬ࡞ඪͰ࠲ۃϕΫτϧΛݱͷද܈
ঢ߱ԋࢠࢉ͸ͦΕͧΕ

!+ = eiφ(
∂

∂θ
+ i cot θ

∂

∂φ
) (5.134)

!− = e−iφ(− ∂

∂θ
+ i cot θ

∂

∂φ
) (5.135)

Ͱ༩͑ΒΕΔɽ
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5.7.3 දݱϕΫτϧͱͯ͠ͷٿ໘ௐ࿨ؔ਺

͜͜ͰɼදݱͷҰൠ࿦ʹैͬͯɼ!3ͱ !2ͷݻ༗ϕΫτϧΛٻΊͯΈΑ͏19ɽ
ඍ෼ԋࢠࢉʹΑΔੜ੒ݩ͸ɼࠓ·Ͱͷճస܈ͷදݱΛ࠲ඪදࣔʹҠͬͯॻ͍ͨ͜ͱʹ

ͳ͍ͬͯΔɽͭ·Γ
〈θ,φ|Ĵi|l,m〉 = !i〈θ,φ|l,m〉 (5.136)

ͱͯ͠ɼੜ੒ݩ Ĵi͕ඍ෼ԋࢠࢉ !Ͱද͞ݱΕͨͱ͑ߟΔ͜ͱ͕Ͱ͖ΔɽҎԼͰ͸ɼθ,φද
ࣔʹҠΓɼ|jm〉ͷ୅ΘΓʹYlm(θ,φ) = 〈θ,φ|l,m〉ͱॻ͘ɽ͢Δͱɼྻߦදݱͷྻߦཁૉ͸

〈l,m′|Ĵi|l,m〉 =

∫
dΩ〈l,m′|θ,φ〉〈θ,φ|Ĵi|l,m〉

=

∫
dΩ〈l,m′|θ,φ〉!i〈θ,φ|l,m〉

=

∫
dΩYlm′(θφ)!iYlm(θφ) (5.137)

Αͬͯ

〈l,m′|Ĵi|l,m〉 =
∫

dΩYlm′(θφ)!iYlm(θφ) (5.138)

ͨͩ͠ɼ
∫
dΩ͸ཱମ֯ͷੵ෼ ∫ π

0

∫ 2π

0

sin θdθdφ (5.139)

Ͱ͋Δɽ
Ұํɼඍ෼ԋࢠࢉ !iͱɼදྻߦݱͷ͔ؔ܎Βɼ

!iYlm = 〈θφ|Ĵi|l,m〉 =
l∑

m′=−l

Ylm′〈lm′|Ĵi|lm〉 (5.140)

͜ͷରԠؔ܎Λ͏࢖ͱɼ֯ӡಈྔͷදݱͷߏ੒๏Λ܁Γฦ͢͜ͱͰɼඍ෼ํఔࣜͷڃ
਺ղʹΑΔٿ໘ௐ࿨ؔ਺ͷදࣔΛγεςϚςΟοΫʹߏ੒Ͱ͖Δɽ

5.7.4 ੒ߏͱͯ͠ͷݱ໘ௐ࿨ؔ਺ͷදٿ

໘ௐ࿨ؔ਺ٿ Ylm͸ɼදݱϕΫτϧͱಉ༷ʹ !3ͷݻ༗ؔ਺ʹͳ͍ͬͯΔɽͭ·Γ

!3Ylm = mYlm (5.141)

19͜ΕΒͷྔࢠ਺͸ͦΕͧΕ

1. l ํҐྔࢠ਺

2. m ਺ࢠྔؾ࣓

ͱݺ͹ΕΔɽ
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Αͬͯ
Ylm(θ,φ) = ψlm(θ)e

imφ (5.142)

ͱॻ͚Δɽhighest weight state ͸

!3Yll = lYll ⇒ Yll(θ,φ) = ψll(θ)e
ilφ (5.143)

Ͱ͋Δɽ͜͜ͰɼY ͕ҰՁؔ਺Ͱ͋Δ͜ͱ͔Βɼmैͬͯ l͸੔਺͔͠औΓ͑ͳ͍ɽ͜͜
Ͱ͸ɼश׳ʹैͬͯɼlowest weight state Yl−l͔Βग़ൃͯ͠ɼ!+Λ࡞༻ͤͯ͞දݱϕΫτ
ϧΛߏ੒ͯ͠ΈΑ͏ɽ

1. lowest weight stateɿɹ lowest weight state ͷ φґଘੑ͸

Yl−l = ψl−l(θ)e
−ilφ (5.144)

Ͱ༩͑ΒΕΔɽ͞Βʹɼlowest weight state Ͱ͋Δͱ͍͏৚͕݅

!−Yl−l = ei(−l−1)φ(− ∂

∂θ
+ l cot θ)ψl−l(θ) = 0 (5.145)

Λཁ੥͢ΔͷͰɼ֨نԽఆ਺ aΛআ͍ͯ

ψl−l(θ) = a(sin θ)l (5.146)

ͱܾ·Δɽ͜͜ʹɼ!+Λ͔͚ͯ͢΂ͯͷදݱϕΫτϧΛٻΊΑ͏ɽ

2. ঢ߱ԋࢠࢉͷ࡞༻ɿදݱ࿦͔Β

!+ψlme
imφ =

√
(l −m)(l +m+ 1)ψlm+1(θ)e

i(m+1)φ (5.147)

ͳͷͰɼψl−lΛ kճ࡞༻ͤ͞Ε͹ɼψl,k−l͕΋ͱ·Δɽ݁Ռ͸

ψlm = a(−1)l+m

√
(l −m)!

(2l)!(l +m)!
sinm θ(

d

d cos θ
)l+m sin2l θ (5.148)

ূ໌ ͜ͷ͕ࣜਖ਼͍͜͠ͱΛؼೲ๏Ͱ͠Ί͢ɽ

m = −lͷͱ͖͸ࣗ໌ͳͷͰɼm = kͷղ͖ʹ੒Γཱͭͱͯ͠

!+ψlke
ikφ = eiφ(

∂

∂θ
+ i cot θ

∂

∂φ
)ψlke

ikφ

= ei(k+1)φ(
∂

∂θ
− k cot θ)ψlk

= ei(k+1)φ sink θ
∂

∂θ
(

1

sink θ
ψlk) (5.149)
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Ұํදݱ࿦ͷ͔ؔࣜ܎Β

ψlk+1 =
1√

(l − k)(l + k + 1)
sink θ

∂

∂θ
(

1

sink θ
ψlk)

=
1√

(l + k)(l − k + 1)
sink θ

∂

∂θ
(

1

sink θ
a(−1)l+k

√
(l − k)!

(2l)!(l + k)!
sink θ(

d

d cos θ
)l+k sin2l θ)

= sink+1 θ(a(−1)l+k+1

√
(l − k − 1)!

(2l)!(l + k + 1)!
(

d

d cos θ
)l+k+1 sin2l θ) (5.150)

ͱͳͬͯɼm = k + 1ͷ৔߹ʹ΋੒Γཱ͍ͬͯΔɽ

3. ͷ৔߹ੵ෼͸ཱମ֯ࠓԽʹΑͬͯఆ·Δɽ֨نԽɿaͷ஋͸֨ن dΩ = sin θdθdφʹ
ΑΔੵ෼Ͱ಺ੵ͕ఆٛ͞Ε͍ͯΔͷͰɼ

〈l,−l|l,−l〉 =
∫ 2π

0

dφ

∫ π

0

dθ sin θψ∗
l,−lψl,−l = 2π|a|2

∫ π

0

sin2l+1 θ = 2π|a|2(sll!)2 2

sl + 1
= 1

(5.151)
͜ΕΑΓ

a =
1

2ll!

√
(2l + 1)!

4π
(5.152)

͕ఆ·Δɽ

Ҏ্ͷ݁Ռ͔Βɼྑ͘஌ΒΕͨ࣍ͷද͕ࣔ΋ͱ·ͬͨɽ
!໘ௐ࿨ؔ਺ٿ "

Ylm(θ,φ) =
(−1)l+m

2ll!

√
2l + 1

4π

√
(l −m)!

(l +m)!
sinm θ(

d

d cos θ
)l+m sin2l θeimφ (5.153)

# $
5.8 ௐ࿨ৼಈࢠͱSU(2)

5.8.1 ௐ࿨ৼಈࢠͱ dynamical symmetry

ௐ࿨ৼಈܥࢠ͸ɼଟ͘ͷ෼໺ʹݱΕඇৗʹԠ༻ͷ͍޿෺ཧܥͰ͋Δɽ͜Ε͸ɼඍখৼಈʹ
ΑΔ͕ۙࣅଟ͘ͷ৔໘ͰݱΕΔ͜ͱʹ͍ؔͯ͠܎ΔɽҰํɼ৔ͷཧ࿦΍ݭཧ࿦΋جຊతʹ
ແݩ࣍ݶௐ࿨ৼಈࢠͰ͋Δɽͦ͜Ͱɼ͜͜Ͱ͸ௐ࿨ৼಈܥࢠͷରশੑΛগ͠ղઆ͢Δɽྫ
ͱͯ͠ɼ۩ମతʹऔΓ্͛Δͷ͸ɼSU(2)Ͱ͋Δ͕ɼ͜Ε͸ճస܈Λཧղ͢ΔͨΊʹ΋ඇ
ৗʹྑ͍γεςϜͰ͋Δɽ
ͦ͜Ͱɼ̎࣍ݩͷʢ౳ํʣௐ࿨ৼಈࢠΛ͑ߟΔɽϋϛϧτχΞϯ͸

H =
∑

ρ

(
1

2m
p2i +

1

2
mω2x2

i

)
(5.154)

Ͱ͋Δɽ͜ͷܥʹ͸ɼ̎࣍ݩճసO(2)ʹର͢Δରশੑ͕͋Δɽ
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؆୯ͷͨΊʹɼm = ω = 1ͱͯ͠ɼྔࢠԽΛ͏ߦɽௐ࿨ৼಈࢠͷྔࢠԽ͸ੜ੒ফ໓ԋ
ࢠࢉ

aρ =
1√
2!

(xρ + ipρ) , a+
ρ =

1√
2!

(xρ − ipρ) (5.155)

Λ͏ߦͯͬ࢖ͷ͕ݟ௨͕͠Α͍ɽݸ਺ԋࢠࢉ͸

[(x+ ip), (x− ip)] = 2i[p, x] = 2! ⇒ [aρ, a
+
σ ] = δρσ (5.156)

ͱ͍͏ަ܎ؔ׵Λຬͨ͢ɽ͜ΕΛϋϛϧτχΞϯʹ୅ೖ͢Δͱ

H = !
∑

(a+
ρ aρ +

1

2
) = !(N + 1) (5.157)

ΛಘΔɽ͜͜ͰɼN ͸ݸ਺ԋࢠࢉͰ

N = N1 +N2 , Nρ = a†
ρaρ (5.158)

ͱఆٛ͞Ε͍ͯΔɽ
͜ͷϋϛϧτχΞϯ͸ɼ̎࣍ݩճసΑΓ΋େ͖ͳରশੑΛ͍࣋ͬͯΔɽͭ·Γɼ̎ݸ

ͷফ໓ԋࢠࢉͷճస
(

a1

a2

)
→

(
a′
1

a′
2

)
=

(
α β
γ δ

)(
a1

a2

)
(5.159)

ͰෆมͰ͋Δ͜ͱ͕Θ͔Δɽͨͩ͠,U =

(
α β
γ δ

)
͸U †U = 1ϢχλϦʔྻߦɽ͜ͷΑ

͏ʹɼۭؒతʹظ଴͞ΕΔରশੑΑΓ΋େ͖ͳରশੑΛ࣋ͭ৔߹͕͋ΓҰൠʹdynamical
symmetry(ಈతରশੑ)ͱݺ͹ΕΔɽಈతରশੑ͸ਖ਼४ม׵ͷதͰϋϛϧτχΞϯΛෆ
มʹ͢Δม׵ͱͯ͠ಛ௃͚ͮΒΕΔɽ
͜ͷϢχλϦʔม͕׵ରশੑͰ͋ΔͨΊʹ͸ɼϋϛϧτχΞϯ͕ෆมͰ͋Δͱಉ࣌ʹɼ

ੜ੒ফ໓ԋࢠࢉͷަ͕܎ؔ׵ෆมͰͳ͍ͱ͍͚ͳ͍20ɽͦΕͧΕΛ֬ೝ͓ͯ͜͠͏ɽ

1. ਖ਼४ަ܎ؔ׵ɿ a′
ρ′ = Uρ′ρaρͱ͢Δͱ

[a′
ρ′ , a

′†
σ′ ] = Uρ′ρU

∗
σ′σ[aρ, a

†
σ] = Uρ′ρU

∗
σ′σδρσ (5.160)

͜Ε͕ෆมͰ͋ΔͨΊʹ͸
UU † = 1 (5.161)

ͭ·ΓɼU ͕ϢχλϦʔͰ͋Ε͹Α͍ɽ

2. ϋϛϧτχΞϯͷෆมੑ: ϋϛϧτχΞϯ͸ݸ਺ԋࢠࢉN Ͱॻ͔Ε͓ͯΓɼ

N =
(
a+
1 , a

+
2

)( a1

a2

)
(5.162)

ͱॻ͚ΔͷͰɼ
(

a1

a2

)
Λෳૉ̎࣍ݩϕΫτϧͱ࣌ͨͬࢥͷෳૉճసͰෆมͰ͋Δɽ

ͭ·Γɼ্هͷ U(2)ͷରশੑΛ͍࣋ͬͯΔɽ
ݹͷෆมੑ͸܎ؔ׵ग़͢ͱɼަ͍ࢥΒ͖͍ͯΔ͜ͱΛ͔ހ΋ͱ΋ͱϙΞοιϯׅ͕܎ؔ׵ͷަֶྗࢠ20ྔ
యྗֶతʹ͸ϙΞοιϯׅހͷෆมੑͰ͋Δɽͭ·Γɼ͜͜Ͱ͍ͯ͑ߟΔϢχλϦʔม͕׵ੜ੒ফ໓ԋࢠࢉ
ͷม׵Λྗֶม਺ͷม׵ͱ࣌ͨݟɼਖ਼४ม׵Ͱ͋Δ͜ͱΛҙຯ͢Δɽ
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5.8.2 ੒ߏ༗ؔ਺ͷݻ

Αͬͯɼ೾ಈؔ਺͸U(2)ͷදݱʹ෼ղͰ͖Δ͸ͣͰ͋Δɽͭ·Γɼݻ༗ؔ਺͕͜ͷରশ
ੑͷ܈ͷط໿දݱͰ෼ྨ͞ΕΔɽ೾ಈؔ਺ͷຬͨ͢΂͖γϡϨσΟϯΨʔํఔࣜ͸

H|ψ〉 = E|ψ〉 (5.163)

Ͱ͋Δɽݻ༗ঢ়ଶ͸ϑΥοΫঢ়ଶͰٻΊΔ͜ͱ͕Ͱ͖ΔɽͦΕͧΕͷৼಈࢠͷϑΥοΫঢ়
ଶ͸ਅۭ |0〉ρʹੜ੒ԋࢠࢉΛ࡞ͯͤ͞༺࡞Δ͜ͱ͕Ͱ͖Δɽ

aρ|0〉ρ = 0 , |p〉ρ =
1√
p!
(a+

ρ )
p|0〉 (5.164)

͜͜Ͱɼ|p〉ρ͸֨نԽ͞Ε͓ͯΓ

〈p|q〉 = δpq , a†
ρ|p〉ρ =

√
p+ 1|p+ 1〉 , aρ|p〉 =

√
p|p− 1〉ρ (5.165)

Λຬͨ͢ɽ
ͷঢ়ଶ͸ࢠͷௐ࿨ৼಈݩ࣍̎

|p〉1|q〉2 =
1√
p!q!

(a+
1 )

p(a+
2 )

q|0〉1|0〉2 (5.166)

ͰશͯಘΒΕΔɽͦ͜ͰɼU(2) = SU(2)×U(1)ͷରশੑʹ஫໨ͯ͠ɼ͜ΕΛط໿දݱʹ
෼ղͯ͠ݟΑ͏ɽ

1. ੜ੒ফ໓ԋࢠࢉΛͨͬ࢖Ϧʔ؀ͷߏ੒·ͣɼ͜ ͷௐ࿨ৼಈࢠͷԋࢠࢉΛͯͬ࢖ɼSU(2)
ͷදݱΛ۩ମతʹ࡞Δ͜ͱ͕Ͱ͖Δɽੜ੒ফ໓ԋࢉ a1, a2ͱݸ਺ԋࢠࢉ͸ަ܎ؔ׵

[Nρ, a
+
ρ ] = a+

ρ , [Nρ, aρ] = −aρ (5.167)

ΛΈͨ͢ɽ

ϋϛϧτχΞϯ͸ݸ਺ԋͦࢠࢉͷ΋ͷͳͷͰɼϋϛϧτχΞϯͱՄ׵ͳԋࢠࢉͱ͠
ͯ͸ੜ੒ফ໓ԋࢠࢉͷݸ਺Λม͑ͳ͍Α͏ͳԋࢠࢉΛ͑ߟΕ͹Α͍ɽͦ͜Ͱ࣍ͷΑ
͏ͳɼԋࢠࢉΛ͑ߟΔɽ

J i =
1

2
σi
aba

†
aab (5.168)

͜͜Ͱɼσi͸ύ΢ϦྻߦͰ͋Δɽ

J1 =
1

2
(a†

1a2 + a†
2a1) , J2 =

−i

2
(a†

1a2 − a†
2a1) , J3 =

1

2
(N1 −N2) (5.169)

͜Εͱݸ਺ԋ͕ࢠࢉɼ̎ݸͷੜ੒ফ໓ԋ͔ࢠࢉΒ࡞ΒΕΔݸ਺ԋࢠࢉͱՄ׵ͳΤϧ
ϛʔτԋࢠࢉͷશͯͰ͋Δɽ

֯ӡಈྔͷͱ͖ͱಉ༷ʹɼঢ߱ԋࢠࢉ J± = J1± iJ2Λಋೖ͢ΔͱɼͦΕΒ͸؆୯ʹ

J+ = a†
1a2 , J− = a†

2a1 (5.170)

ͱॻ͚Δ͜ͱ͕෼͔Δɽ͢Δͱ

[J+.J−] = [a†1a2, a
†
2a1] = a†1[a2, a

†
2]a1 + a†2[a

†
1, a1]a2 = N1 −N2 = 2J3 (5.171)

Αͬͯ
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[J+, J−] = 2J3 (5.172)

[J3, J+] = J+ , [J3, J−] = −J− (5.173)

͜ΕΑΓɼJi͸ɼSO(3)ͱಉ͡ަ܎ؔ׵Λຬͨ͢͜ͱ͕Θ͔Δɽ

2. Casimir ԋࢠࢉ Casimirԋࢠࢉ͸

J2 = J2
3 +

1

2
(J+J− + J−J) = J2

3 − J3 + J+J−

=
1

4
(N1 −N2)

2 − 1

2
(N1 −N2) + a†

1a2a
†
2a1

=
1

4
(N1 −N2)

2 − 1

2
(N1 −N2) +N1(N2 + 1)

=
1

4
(N1 +N2)

2 +
1

2
(N1 +N2)

=
N

2
(
N

2
+ 1) (5.174)

ͯ͞ɼJi͸ͦΕͧΕੜ੒ԋࢠࢉͱফ໓ԋࢠࢉͷੵͰͰ͖͍ͯΔͷͰɼ͋Δঢ়ଶʹ Ji
Λ࡞༻ͤͨ࣌͞ɼͦͷঢ়ଶͷN ͷݻ༗஋Λม͑ͳ͍ɽͭ·Γ

[Ji, H] = ![Ji, N ] = 0 (5.175)

ͳͷͰɼJ2ͱ J3ΛHͱಉ࣌ʹର֯ԽͰ͖Δɽ֯ӡಈྔʹͳΒͬͯɼJ2ͷ୅ΘΓʹ
N
2 ͷݻ༗஋Λ jͰද͢ɽJ2 = j(j + 1)Ͱ͋ΔɽN = 2jͰ͋Δɽ

3. ੒ߏ༗ঢ়ଶͷݻ ࣍ʹɼঢ়ଶʹͦΕͧΕͷԋࢠࢉΛ࡞༻ͤ͞Δɽ

|p〉1|q〉2 =
1√
p!q!

(a+
1 )

p(a+
2 )

q|0〉1|0〉2 (5.176)

ͱ͢Δͱɼݻ༗஋͸

N

2
|p〉1|q〉2 =

p+ q

2
|p〉1|q〉2 , J3|p〉1|q〉2 =

1

2
(p− q)|p〉1|q〉2 (5.177)

ͳͷͰɼ

|j,m〉 ≡ |p〉1|q〉2 , j =
1

2
(p+ q) , m =

1

2
(p− q) , p = j +m , q = j −m (5.178)

ͱఆٛ͢Δɽ͜ΕΑΓɼJi͕ jͷݻ༗஋Λม͑ͳ͍ͷͰɼ֯ӡಈྔͱಉ༷ʹ jͷ஋
Λ෼ྨ͢Δɽ1ݱ໿දط͕

2Z + j ≥ 0Ͱ͋Δ͜ͱ͸໌Β͔Ͱ͋Δɽj͕Ұఆͷঢ়ଶ͸
p + q = 2jʹͳΔΑ͏ͳ p, q ≥ 0ͷ૊Έ߹Θͤͷ਺͚ͩ͋Δɽͭ·ΓɼΤωϧΪʔ
ͷݻ༗ঢ়ଶ͸ 2j + ͷॖୀΛ͍ͯ͠Δ͜ͱ͕෼͔Δɽ·ͨɼ−jݸ1 ≤ m ≤ j΋໌Β
͔Ͱ͋Δɽ
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͜ͷදݱΛ͏࢖ͱɼͦΕͧΕͷԋࢠࢉͷྻߦදݱɼͭ·Γྻߦཁૉ΋؆୯ʹ΋ͱ·Δɽ
ͨͱ͑͹ɼ

J+|j,m〉 = a†
1a2|p〉1|q〉2 =

√
p+ 1|p+ 1〉1

√
q|q − 1〉 =

√
(p+ 1)q|j,m+ 1〉 (5.179)

Αͬͯ
〈j,m+ 1|J+|j,m〉 =

√
(p+ 1)q =

√
(j +m+ 1)(j −m) (5.180)

ಉ༷ʹ
〈j,m− 1|J−|j,m〉 =

√
(q + 1)p =

√
(j −m+ 1)(j +m) (5.181)

·ͨ
〈j′m′|J3|j,m〉 = mδjj′δmm′ (5.182)

ͳͲɼճస܈ͷྻߦཁૉΛ؆୯ʹٻΊΔ͜ͱ͕Ͱ͖Δɽ

5.8.3 U(1)ʹ͍ͭͯ

Ҏ্ɼSU(2)ͷදݱʹ͍ͭͯɼੜ੒ফ໓ԋࢠࢉͷ͜ͱ͹Ͱط໿දݱΛߏ੒ͨ͠ɽҰํɼ΋
ͱ΋ͱͷཧ࿦ʹ͸U(2)ͷରশੑ͕͋ͬͨͷʹɼU(1)͸Ͳ͏ͳͬͨͷ͔ɽ͜ͷ͜ͱ͸ɼU(1)
ม͕׵ͲͷΑ͏ͳม͔׵Λ͑ߟΔͱ͙͢ʹΘ͔Δɽ

U(1)ͱ͸ɼࠓͷ৔߹͇̎̎ͷର֯෦෼ͷد༩Ͱɼaiʹڞ௨ͷҐ૬ม׵Λ͜͏ߦͱʹ૬
౰͢Δɽ

U(1) + eiφ : ai → eiφai (5.183)

͢Δͱ
U(1) + eiφ : |j,m〉 → e(p+q)iφ|j,m〉 = e2jiφ|j,m〉 (5.184)

U(1)ม׵͸ࢦ਺ͷ φͷ܎਺ʹൺྫ͢ΔͷͰࠓͷ৔߹ɼN = 2jͷݻ༗஋Ͱݻ༗ঢ়ଶ͕ϥϕ
ϧ͞ΕΔɽ͜Ε͸ɼΤωϧΪʔݻ༗஋ͱൺྫ͍ͯ͠ΔͷͰɼU(1)ͷରশੑ͸ຊ࣭తʹ৽
਺Λ΋ͨΒ͞ͳ͍ɽࢠྔ͍͠

5.8.4 SU(3)

Ҏ্ͷΑ͏ʹɼ̎࣍ݩͷௐ࿨ৼಈࢠ͸U(2)ରশੑΛ࣋ͭ͜ͱ͕Θ͔Δɽ͢Δͱ̏࣍ݩͰ
͸ɼU(3)ɼ͞ΒʹN Ͱ͸ݩ࣍ U(N)ରশੑΛ࣋ͭ͜ͱ͕ظ଴͞ΕΔɽ

5.8.4.1 ࢠௐ࿨ৼಈݩ࣍̏ ͰϋϛϧτχΞϯΛࢠࢉͷ৔߹ͱಉ༷ʹੜ੒ফ໓ԋݩ࣍̎
ॻ͘ͱ

H =
3∑

ρ=1

a†
ρaρ +

3

2
=

3∑

ρ=1

Nρ +
3

2
(5.185)

ͨͩ͠,! = 1Ͱ͞Βʹm = ω = 1ͱͨ͠ɽ·ͨNρ͸ͦΕͧΕͷํ޲ͷৼಈࢠͷݸ਺ԋࢉ
܎ؔ׵Ͱ͋Γɼઌ΄Ͳͱಉ༷ʹ࣍ͷަࢠ

[Nρ, a
+
ρ ] = a+

ρ , [Nρ, aρ] = −aρ (5.186)

ΛΈͨ͢ɽ
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ϋϛϧτχΞϯ͕ݸ਺ԋࢠࢉͰॻ͚Δͱ͍͏͜ͱ͸ɼ̎࣍ݩͷ৔߹ͱಉ༷ʹੜ੒ԋࢉ
͸ݱ໿දنͷ਺͕ಉ͡ঢ়ଶ͸ΤωϧΪʔ͕ॖୀ͍ͯ͠Δ͜ͱʹͳΔɽΑͬͯɼࢠ

|k,m, n〉 = (a†
1)

k(a†
2)

m(a†
3)

n|0〉 (5.187)

k +m+ l = N Ͱ͋Δɽରশੑͷԋࢠࢉ͸ɼݸ਺Λม͑ͳ͍ԋࢠࢉͳͷͰ

aja
†
i (5.188)

ͷ૊Έ߹ΘͤͰॻ͘͜ͱ͕Ͱ͖ɼϋϛϧτχΞϯΛআ͘ͱ̔ݸͷಠཱͳԋ͕͋ࢠࢉΔ͜ͱ
͕Θ͔Δɽ

Ta =
1

2
a†
ρλaρσaσ (5.189)

λa = σa , λ4 =




0 0 1
0 0 0
1 0 0



 , λ5 =




0 0 −i
0 0 0
i 0 0



 ,

λ6 =




0 0 0
0 0 1
0 1 0



 , λ7 =




0 0 0
0 0 −i
0 i 0



 , λ8 =
1√
3




1 0 0
0 1 0
0 0 −2



 , (5.190)

Tr{(1
2
λa)(

1

2
λb)} =

1

2
δab (5.191)

Ͱ͋Δɽ

[Ta, Tb] =
1

4
a†[λa,λb]a = fabcTc (5.192)

͕੒Γཱͭɽfabc͸ SU(3)ͷߏ଄ఆ਺Ͱ͋Δɽ

5.8.4.2 ॖୀͷߏ଄

1. N = 1, ݱදݩ3࣍ (4͜ͷϘʔϧͷ̏ݸͷܺؒʹ̎ݸͷઢΛҾ͘ 3C2)

|1, 0, 0〉 (5.193)

2. N = 2, ݩ6࣍ (5͜ͷϘʔϧͷ̐ݸͷܺؒʹ̎ຊͷઢΛҾ͘ 4C2)

|2, 0, 0〉 |1, 1, 0〉 (5.194)

3. N = 3, 5C2 = ݩ10࣍

4. N = 4, 6C2 = ݩ15࣍

͜ΕΒ͸֯ӡಈྔͷදݱͱύϦςΟʔΛ͑ߟΕ͹෼ղͰ͖Δɽ
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5.8.5 ϨϯπϕΫτϧ

L =
1

2
m(ṙ2 + r2(θ̇2 + sin2 θφ̇2) (5.195)

U(r) = −k

r
(5.196)

H =
p2

2m
+ U(r) , L = r× p (5.197)

A =
1

km
p× L− r

r
(5.198)

Aṙ = (
1

km
p× L− r

r
) · r (5.199)

Ar cos θ =
1

mk
L2 − r (5.200)

H =
k2m

2L2
(A2 − 1) (5.201)

∣∣∣∣p+mk
A× L

L2

∣∣∣∣ =
mk

L
(5.202)

5.9 ௚ੵදݱͱط໿෼ղ

5.9.1 ֯ӡಈྔͷ߹੒

ճసରশੑ͕͋Δܥʹ͓͍ͯ͸ɼ֯ӡಈྔ͕อଘ͢Δ͜ͱΛٞ࿦͖ͯͨ͠ɽྔֶྗࢠʹ͓
͍ͯ͸ɼ͜ͷ͜ͱ͸ͦΕͧΕͷঢ়ଶɼ·ͨ͸ঢ়ଶΛද͢೾ಈؔ਺͕ɼ֯ӡಈྔԋࢠࢉͷݻ
༗ঢ়ଶʹͳΔ͜ͱΛҙຯ͢ΔɽҰํɼཻݻ͕ࢠ༗ͷεϐϯ֯ӡಈྔΛ͍࣋ͬͯΔ͜ͱ͕஌
ΒΕ͍ͯΔɽ͜͜Ͱɼ࣍ͷΑ͏ͳٙ໰͕ੜ͡ΔɽਫૉࢠݪͷपΓͷ೾ಈؔ਺͸γϡϨσΟ
ϯΨʔํఔࣜΛղ͘͜ͱͰٻ·Δ͕ɼͦͷ࣌εϐϯͷޮՌ͸ೖ͍ͬͯͳ͍ɽͰ͸ɼ͋Δي
ಓ֯ӡಈྔΛ࣋ͬͨঢ়ଶͰి͕ࢠӡಈ͢Δ৔߹ɼશମͷ֯ӡಈྔ͸ͲͷΑ͏ʹͳΔͷ͔ʁ
͜ͷΑ͏ʹɼ̎ͭͷ֯ӡಈྔ͕ڞଘ͢Δঢ়ଶ͸ɼ਺ֶతʹ͸ճస܈ͷੵදݱΛ࡞Δ͜

ͱʹ૬౰͢Δɽ͜͜Ͱ͸ɼͦͷੵදݱͷط໿෼ղʹ͍ͭͯղઆ͢Δɽ

5.9.2 දݱͷਤతදࣔɿweightਤ

༗ঢ়ଶͰϥϕϧ͞ΕɼͦΕݻͰɼճసରশੑ͕͋Δ৔߹͸ͦͷঢ়ଶ͸֯ӡಈྔͷֶྗࢠྔ
ͧΕঢ়ଶΛϥϕϧ͢Δ j,m͸ͦΕͧΕɼํҐ֯ӡಈྔͱ࣓ࢠྔؾ਺ͱݺ͹ΕΔɽ܈࿦ʹ͓
͍ͯ͸ɼJ3ͷݻ༗஋͸weightͱݺ͹Εɼj͸ highest weightͱݺ͹ΕΔɽΑͬͯɼ܈
ͷදݱ͸ highest weight Ͱ෼ྨ͞ΕɼͦΕͧΕͷදݱϕΫτϧ͸weight Ͱϥϕϧ͞ΕΔɽ
͜ͷ͜ͱ͸ɼදݱϕΫτϧΛ J3ͷݻ༗஋ɼͭ·Γweight Λ௚ઢ্ͷ఺ͱͯ͠ද͢ͱ

ཧղ͠΍͍͢ɽ͜ͷΑ͏ʹ͢ΔͱදݱϕΫτϧ͸ɼ਺௚ઢ্ͷ੔਺·ͨ͸൒੔਺ͷ఺ʹ
ରԠ͢Δɽhighest weight jΛ͖ΊΔͱɼ͔ͦ͜Β͚̍ͩԼ͕ͬͨͱ͜Ζʹ఺ΛଧͪͦΕ
Λ܁Γฦͯ͠−j·Ͱɼશͯͷ఺ʹରԠͯ͠Ұͭͮݸͷঢ়ଶ͕ଘ͢ࡏΔ͜ͱʹͳΔɽ͜ͷ
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Α͏ͳਤΛweight ਤ (diagram)ͱΑͼɼશͯͷՄೳͳ͜ͷΑ͏ͳ఺ͷू߹Λweight
latticeͱΑͿɽJ±ͷ࡞༻ʹΑͬͯɼͦͷؒͷҠಈ͕Ҿ͖͜͞ىΕΔ͕ͦͷҠಈΛද͢ϕ
ΫτϧΛϧʔτ (root)ϕΫτϧͱݺͿɽҎԼͷࢉܭ͸͜ͷਤΛ͏࢖ͱཧղ͠΍͍͢ɽ

weight ਤͱϧʔτϕΫτϧ

j = 1දݱͷweightਤ

5.9.3 ੵදݱɿ֯ӡಈྔͷ߹੒

ߟͷঢ়ଶͷੵঢ়ଶΛࢠ༗ঢ়ଶʹ͋Δཻ̎ݻͰ͸ɼྫ͑͹ɼͦΕͧΕ͕֯ӡಈྔͷֶྗࢠྔ
͑Δඞཁ͕ग़ͯ͘Δɽྫ͑͹ɼਫૉࢠݪͷݻ༗ঢ়ଶ͸ɼ೾ಈؔ਺Λٿ໘ௐ࿨ؔ਺Λͯͬ࢖
ల։͢Δ͜ͱͰɼيಓ֯ӡಈྔͷݻ༗ঢ়ଶͱͯ͠࡞ΒΕΔɽҰํɼిࢠ͸εϐϯ֯ӡಈྔ
Λ΋͍ͬͯΔɽ͢Δͱɼి͕ࢠਫૉࢠݪͷ͋Δݻ༗يಓʹ͋Δ࣌ͷঢ়ଶ͸ɼͲͷΑ͏ͳ֯
ӡಈྔͷݻ༗ঢ়ଶʹ෼ྨ͞ΕΔ΂͖ͳͷ͔ʁҰൠʹ̎ͭͷ֯ӡಈྔΛ࣋ͬͨ΋ͷ͕ڞଘ͢
Δͱ͖ɼͦͷ߹੒ܥΛද͢ঢ়ଶͷճస͸શ֯ӡಈྔͰಛ௃͚ͮΒΕΔ͕ɼ͜ͷΑ͏ͳશ֯
ӡಈྔͷදݱ͸ͲͷΑ͏ʹߏ੒͞ΕΔͷ͔ʁ
͜ͷΑ͏ͳ໰୊͸ɼճస܈ͷදݱͷੵදݱΛ࡞Δ͜ͱʹ૬౰͢Δɽ͜͜Ͱ͸ɼҰൠʹ

ੵදݱʹ͍ͭͯղઆ͢Δɽ͜͜Ͱ͑ߟΔ໰୊͸ɼ۩ମతʹ͸
໰୊ɿੵදݱͷط໿෼ղ! "
highest weight ͕ j1, j2Ͱ༩͑ΒΕΔɼ̎ݸͷදݱΛ͑ߟɼͦͷجఈϕΫτϧΛ

|j1,m1〉 , |j2,m2〉 (5.203)

ͱ͢Δɽͦͷੵදݱ͸ͲͷΑ͏ͳط໿දݱʹ෼ղ͞ΕΔ͔ʁ# $
Ͱ͋Δɽ͜ͷ໰୊Λ࣍ͷॱংͰղ͍͍ͯ͘ɽ

ҎԼͰ͏࢖ॏཁͳެࣜ͸

|j,m− 1〉 = ((j +m)(j −m+ 1))−
1
2J−|j,m〉 (5.204)

|j,m+ 1〉 = ((j −m)(j +m+ 1))−
1
2J+|j,m〉 (5.205)
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1. දۭؒݱͷ࣍ݩɿ௚ੵදݱͷදݱϕΫτϧ͸ɼͦΕͧΕͷදݱͷੵͱͯ͠ఆٛͰ͖
ΔɽΑͬͯ௚ੵදݱͷجఈ͸

|j1,m1〉|j2,m2〉 (5.206)

ͰுΒΕɼͦͷۭؒͷ࣍ݩ͸ (2j1 + 1)(2j2 + 1)Ͱ͋Δɽ

2. ੵදݱͷճసͱੜ੒ݩɿੵදݱͷճస͸

R̂%θ(|j1,m1〉|j2,m2〉) = (R̂%θ|j1,m1〉)(R̂%θ|j2,m2〉) (5.207)

Ͱ͋Γɼແݶখճస͸ R̂ = 1− i$εĴΛ୅ೖ͢Δͱ

(1− i$εĴ)(|j1,m1〉|j2,m2〉) = ((1− i$εĴ)|j1,m1〉)((1− i$εĴ)|j2,m2〉)
= |j1,m1〉|j2,m2〉

−i$ε
(
(Ĵ|j1,m1〉)|j2,m2〉+ |j1,m1〉(Ĵ|j2,m2〉)

)
+O(ε2)

(5.208)

ͷΑ͏ʹͳΔͷͰɼ1࣍ͷ߲͚ͩΛΈΔͱ

Ĵ(|j1,m1〉|j2,m2〉) = (Ĵ|j1,m1〉)|j2,m2〉+ |j1,m1〉(Ĵ|j2,m2〉) (5.209)

ΛಘΔɽ21

ແݶখม׵ͷͦΕͧΕ͕࡞༻͢ΔදݱϕΫτϧΛϥϕϧΛ෇͚ͯ۠ผ͢Δͱɼશମ
ͷແݶখม׵ͷੜ੒ݩ͸

Ĵ = Ĵ(1) + Ĵ(2) (5.212)

ͱॻ͚ΔɽͦΕͧΕ J (i)͸ɼ|ji,mi〉ʹ࡞༻͢Δɽ
Δ͜ͱ͸ɼͦ࡞Λݱ͹Ε22ɼ͜ͷΑ͏ʹੵදݺͱࢠࢉͰ͸J͸શ֯ӡಈྔԋֶྗࢠྔ
ΕͧΕͷ֯ӡಈྔͷ࿨ʹؔ͢ΔදݱΛٻΊΔ͜ͱʹͳΔͷͰɼ֯ӡಈྔͷ߹੒ͱݺ
͹ΕΔɽ

3. Jͷ highest weight stateɿ
Ĵ3 = Ĵ (1)

3 + Ĵ (2)
3 (5.213)

ͳͷͰɼJ3ͷݻ༗஋ͷ΋ͬͱ΋େ͖ͳঢ়ଶɼͭ·Γ Jͷ highest weight state͸ੵද
ͷதͷmݱ = jmaxͷঢ়ଶͰ΋͋Γ

|jmax, jmax〉T = |j1, j1〉|j2, j2〉 (5.214)

21ਖ਼֬ʹ͸ɼදݱͷςϯιϧੵ
|j1,m1〉 ⊗ |j2,m2〉 (5.210)

Λ͑ߟΔͱɼͦͷճసͷੜ੒ݩ͸
J = J(1) ⊗ 1+ 1⊗ J(2) (5.211)

͸ࡍ22࣮ !Λ͔͚ͨྔɽ
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Ͱ༩͑ΒΕΔɽ͜ͷঢ়ଶͷ J3ͷݻ༗஋͸໌Β͔ʹm = j1 + j2ͳͷͰɼੵදݱͷ࠷
େͷ֯ӡಈྔ͸ jmax = j1 + j2 Ͱ͋Δ͜ͱ͕෼͔Δ23ɽ͜ͷঢ়ଶ͸Ұ͚ͩݸଘ͢ࡏ
ΔɽΘΕΘΕ͸ɼ͜ͷঢ়ଶʹ

Ĵ− = Ĵ(1)
− + Ĵ(2)

− (5.215)

Λ͔͚͍ͯ͘͜ͱͰɼ2jmax + ۭؒݱͷදݩ1࣍ Vjmax = Vj1+j2ΛಘΔɽ

4. Second highest weight state: Ĵ3ͷݻ༗஋͕m = jmax − 1ͷঢ়ଶ͸

|j1, j1 − 1〉|j2, j2〉 , |j1, j1〉|j2, j2 − 1〉 (5.216)

ͷೋ͕ͭ͋Δ͕ɼ͜ͷதͰ Vj1+j2ʹଐ͢ΔϕΫτϧ͸

J−|j1, j1〉|j2, j2〉 =
√

2j1|j1, j1 − 1〉|j2, j2〉+
√
2j2|j1, j1〉|j2, j2 − 1〉 (5.217)

ͳͷͰɼ͜Εʹ௚ަ͢ΔϕΫτϧ
√

2j2|j1, j1 − 1〉|j2, j2〉 −
√

2j1|j1, j1〉|j2, j2 − 1〉 (5.218)

͕ɼ·ͩදݱʹ෼ྨ͞Ε͍ͯͳঢ়ଶͱ͍ͯͯͬ͠࢒Δɽ͜ ͷϕΫτϧʹ Ĵ+ = Ĵ(1)
+ +Ĵ(2)

+

Λ࡞༻ͤ͞Δͱ 0ʹͳΔ͜ͱ͕෼͔ΔɽΑͬͯɼ͜ͷঢ়ଶ͸ highest weight state Ͱ
͋Δɽͦ͜Ͱɼ͜ͷঢ়ଶΛ

|jmax − 1, jmax − 1〉T (5.219)

ͱ͢ΔɽΘΕΘΕ͸ɼ͜ͷঢ়ଶʹ Ĵ−Λ࡞༻ͤ͞Δ͜ͱʹΑͬͯɼ2(jmax − 1)+ 1 =
2(j1 + j2 − 1) + ۭؒݱͷදݩ1࣍ Vj1+j2−1ΛಘΔɽ

5. ੵදݱͷط໿෼ղͱදۭؒݱͷ࣍ݩɿ͜ͷૢ࡞͸ɼ௚ੵۭؒΛͱΓͭ͘͢·Ͱ͏ߦ
͜ͱ͕ग़དྷΔͷͰɼ

ੵදݱͷ෼ղ! "
Vj1 ⊗ Vj2 = Vj1+j2 ⊕ Vj1+j2−1 ⊕ · · ·⊕ V|j1−j2| (5.220)# $

͜͜Ͱɼ෼ղͨ͠ͱ͖ʹ |j1 − j2|Ͱද͕ݱऴΘΔ͜ͱ͸ɼ௚؍తʹ͸̎ͭͷঢ়ଶͷ
εϐϯ͕࠷େݶଧͪফ͋ͬͨ࣌͠ͷঢ়ଶͰ͋Δ͜ͱͰཧղͰ͖Δɽ·ͨɼ྆ลͷঢ়
ଶ਺͕࣍ͷΑ͏ʹ౳͍͜͠ͱ͔Β΋ཧղͰ͖Δɿ

෼ղޙͷঢ়ଶ਺ = 2(j1 + j2) + 1 + 2(j1 + j2 − 1) + 1 + · · · 2|j1 − j2|+ 1

= 2
(
(1͔Β j1 + j2·Ͱͷ࿨)− (1͔Β |j1 − j2|− 1·Ͱͷ࿨)

)

= (j1 + j2 + 1)2 − (|j1 − j2|)2
= (j1 + j2 + |j1 − j2|+ 1)(j1 + j2 − |j1 − j2|+ 1)
= (2j1 + 1)(2j2 + 1) (5.221)

ͭ·Γɼ෼ղޙͷঢ়ଶ਺ͷ૯࿨͸ੵදݱΛݸ̎ͨͬ࡞ͷදݱͷঢ়ଶ਺ͷੵʹ౳͍͠ɽ

23΋͠ɼ͜ΕΑΓେ͖ͳ֯ӡಈྔͷঢ়ଶ͕͋Ε͹ɼͦͷදݱͷ࣓ࢠྔؾ਺mͷ஋͸ j1 + j2ΑΓେ͖ͳঢ়
ଶ΋ؚΉ͕ɼੵදݱͷதʹ͸ͦͷΑ͏ͳঢ়ଶ͸ͳ͍ɽ
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5.9.4 ྫ 1)j = 1
2 ⊗ j = 1

2

େͷmΛ࣋ͭঢ়ଶ࠷ (highest weight state)͸

|1, 1〉 = |12 ,
1
2〉|

1
2 ,

1
2〉 (5.222)

Ͱ͋Δɽ
ެࣜΑΓ

J−|12 ,
1
2〉 = |12 ,−

1
2〉 , J+|12 ,−

1
2〉 = |12 ,

1
2〉 (5.223)

·ͨɼ
J−|1, 1〉 =

√
2|1, 0〉 , J−|1, 0〉 =

√
2|1,−1〉 (5.224)

ΛಘΔɽ
େͷmΛ࣋ͭঢ়ଶ࠷ (highest weight state)ʹ J−Λ࡞༻ͤ͞Δͱ

J−|1, 1〉 = J−(|12 ,
1
2〉|

1
2 ,

1
2〉) = |12 ,−

1
2〉|

1
2 ,

1
2〉+ |12 ,

1
2〉|

1
2 ,−

1
2〉 (5.225)

Αͬͯ

|1, 0〉 = 1√
2

(
|12 ,−

1
2〉|

1
2 ,

1
2〉+ |12 ,

1
2〉|

1
2 ,−

1
2〉
)

(5.226)

͜Εʹ௚ަ͢Δঢ়ଶ͸

|0, 0〉 = 1√
2

(
|12 ,−

1
2〉|

1
2 ,

1
2〉 − |12 ,

1
2〉|

1
2 ,−

1
2〉
)

(5.227)

͞Βʹɼ

J−|1, 0〉 =
1√
2

(
|12 ,−

1
2〉|

1
2 ,−

1
2〉+ |12 ,−

1
2〉|

1
2 ,−

1
2〉
)
=

√
2|12 ,−

1
2〉|

1
2 ,−

1
2〉 (5.228)

Αͬͯ
|1,−1〉 = |12 ,−

1
2〉|

1
2 ,−

1
2〉 (5.229)

ʹ΍͘͢͢ΔͨΊݟ
|12 ,

1
2〉 = | ↑〉 , |12 ,−

1
2〉 = | ↓〉 (5.230)

ͱॻ͘ͱɼ͜ΕΒͷ֯ӡಈྔͷ߹੒ͷ݁Ռ͸࣍ͷΑ͏ʹ·ͱΊΔ͜ͱ͕Ͱ͖Δɽ
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ͷεϐϯݸ2 1
2 ͷ֯ӡಈྔͷ߹੒ɿ! "

1. j = 0ͷঢ়ଶ

|0, 0〉 = 1√
2
(| ↓〉| ↑〉 − | ↑〉| ↓〉) (5.231)

2. j = 1ͷঢ়ଶ

|1, 1〉 = | ↑〉| ↑〉
|1, 0〉 =

1√
2
(| ↓〉| ↑〉+ | ↑〉| ↓〉)

|1,−1〉 = | ↓〉| ↓〉 (5.232)

3. ੵදݱͷදۭؒݱͷط໿෼ղɿ

V1
2
⊗ V1

2
= V0 ⊕ V1 (5.233)

# $
5.9.5 ྫ 2)j = 1⊗ j = 1

2

Ұൠ͔ࣜΒ

|32 ,
1
2〉 =

1√
3
J−|32 ,

3
2〉

|32 ,−
1
2〉 =

1

2
J−|32 ,

1
2〉

|32 ,−
3
2〉 =

1√
3
J−|32 ,−

1
2〉 (5.234)

·ͨɼ
J−|1, 1〉 =

√
2|1, 0〉 , J−|1, 0〉 =

√
2|1,−1〉 (5.235)

େͷmΛ࣋ͭঢ়ଶ࠷ (highest weight state)͸

|32 ,
3
2〉 = |1, 1〉|12 ,

1
2〉 ∗ (5.236)

Ͱ͋Δɽ͜ͷঢ়ଶʹ J−Λ࡞༻ͤ͞Δͱ

J−|32 ,
3
2〉 = J−(|1, 1〉|12 ,

1
2〉) =

√
2|1, 0〉|12 ,

1
2〉+ |1, 1〉|12 ,−

1
2〉 (5.237)

Αͬͯ

|32 ,
1
2〉 =

√
2
3 |1, 0〉|

1
2 ,

1
2〉+

1√
3
|1, 1〉|12 ,−

1
2〉 ∗ (5.238)

͜Εʹ௚ަ͢Δঢ়ଶ͸

|12 ,
1
2〉 =

√
1
3 |1, 0〉|

1
2 ,

1
2〉 −

√
2
3 |1, 1〉|

1
2 ,−

1
2〉 ∗ ∗ (5.239)
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͞Βʹɼ

J−|32 ,
1
2〉 =

√
2
3(
√
2|1,−1〉|12 ,

1
2〉+ |1, 0〉|12 ,−

1
2〉) +

√
2
3 |1, 0〉|

1
2 ,−

1
2〉

= 2(
√

1
3 |1,−1〉|12 ,

1
2〉+

√
2
3 |1, 0〉|

1
2 ,−

1
2〉) (5.240)

Αͬͯ

|32 ,−
1
2〉 =

√
1
3 |1,−1〉|12 ,

1
2〉+

√
2
3 |1, 0〉|

1
2 ,−

1
2〉 ∗ (5.241)

͞Βʹɼ

J−|32 ,−
1
2〉 =

√
1
3 |1,−1〉|12 ,−

1
2〉+

√
4
3 |1,−1〉|12 ,−

1
2〉

=
√
3|1,−1〉|12 ,−

1
2〉

=
√
3|32 ,−

3
2〉 (5.242)

Αͬͯ
|32 ,−

3
2〉 = |1,−1〉|12 ,−

1
2〉 ∗ (5.243)

Ұํɼj = 1
2 ͷঢ়ଶ͸ɼJ−Λ࡞༻͢Δͱ

J−|12 ,
1
2〉 =

√
2
3 |1,−1〉|12 ,

1
2〉+

√
1
3 |1, 0〉|

1
2 ,−

1
2〉 −

√
4
3 |1, 0〉|

1
2 ,−

1
2〉 (5.244)

Αͬͯɼ

|12 ,−
1
2〉 =

√
2
3 |1,−1〉|12 ,

1
2〉 −

√
1
3 |1, 0〉|

1
2 ,−

1
2〉 ∗ ∗ (5.245)

Ͱ͋Γɼ͔֬ʹɼ|32 ,−
1
2〉ͱ௚ަ͠ɼ͞Βʹ J−Λ࡞༻ͤ͞Δͱ 0ʹͳΔ͜ͱ͕෼͔Δɽ

∗ͷ̐ঢ়ଶͱ ∗∗ͷ 2ঢ়ଶ͕ͦΕͧΕͷط໿දݱͷۭؒͷجఈʹͳ͍ͬͯΔͷͰ

V1 ⊗ V 1
2
= V 3

2
⊕ V 1

2
(5.246)

ͷط໿෼ղ͕࣮͞ݱΕͨɽ

5.9.6 ਤʹΑΔ෼ղྫ

ੵදݱΛ࡞Δͱ͖ɼͲͷΑ͏ͳදݱ͕ݱΕΔ͔Λ௚؍తʹ஌Δʹ͸ɼਤʹΑΔ෼ղ͕؆୯
Ͱ෼͔Γ΍͍͢ɽҎԼʹͦͷྫΛ͓͋͛ͯ͘ɽྫ͑͹εϐϯ 3

2ͱεϐϯ
1
2ͷঢ়ଶͷੵΛߟ

͑Δɽ
෼ղͷखॱ! "
1. V 3

2
͸mͷऔΔ஋͕̐ݸm = (−3

2 ,−
1
2 ,

1
2 ,

3
2)ɼV 1

2
͸mͷऔΔ஋͕2ݸm = (−1

2 ,
1
2)

ͳͷͰͦΕͧΕͷঢ়ଶ |j,m〉ʹ఺ΛରԠͤ͞Δɽ

2. 3
2 ͷঢ়ଶྫ͑͹ |32 ,

3
2〉ʹɼεϐϯ

1
2 ͷঢ়ଶΛ͔͚Δͱmͷ஋͸ 1

2 ૿͑Δ͔ɼݮ
Δ͔ͳͷͰɼͦΕͧΕΛ໼ҹͰࣔ͢ɽ

3. Ұ൪্ͷ఺͔Βɼط໿දݱʹ૬౰͢ΔਤΛऔΓग़͠෼཭͠ɼͨͬ࢒ਤʹಉ༷ͷ
͜ͱΛ܁Γฦ͢ɽ# $
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1. j = 3
2 ⊗ j = 1

2 ͷਤʹΑΔط໿෼ղ

V 3
2
⊗ V 1

2
= V2 ⊕ V1 (5.247)

2. 2ͭͷ j = 1ͷঢ়ଶͷੵͷਤʹΑΔط໿෼ղ

V1 ⊗ V1 = V2 ⊕ V1 ⊕ V0

3 × 3 = 5 + 3 + 1
(5.248)

5.10 ೾ಈؔ਺ͷճసͱશ֯ӡಈྔ

5.10.1 ৔ͱճస

·ͣɼҰൠʹ৔ͷ֓೦ʹ͍ͭͯઆ໌͓ͯ͘͠ɽ!" #$৔ͱ͸ɼۭؒͷ֤఺ʹ෼෍͍ͯ͠ΔྔΛ͋ΒΘ͢Ұൠʹ͸ؔ਺ͷ૊Ͱ͋Δɽ
ɼ্Ͱٞ࿦ͨ͠ɼ೾ಈؔ਺͸ۭؒͷ఺Λ༩͑Δͱ͋Δෳૉ਺Λ༩͑ΔɽҰํɼి৔ࠓ

$EͳͲ͸ɼۭؒͷ఺Λ༩͑Δͱɼ͋ΔϕΫτϧ͕Ұͭఆ·ΔΑ͏ʹͳ͍ͬͯΔɽͭ·Γɼ
$E͸ Ϳɽ͜ݺΒΕΔɽ͜ͷΑ͏ͳ৔ΛϕΫτϧ৔ͱ͑ߟͷؔ਺͕ηοτʹͳͬͨ৔ͱݸ3
Εʹରͯ͠ɼઌͷΑ͏ʹ֤఺ʹ͋Δෳૉ਺ΛఆΊΔ৔ΛεΧϥʔ৔ͱݺͿɽ

5.10.1.1 ϕΫτϧ৔ͱͦͷճస ϕΫτϧ৔ͷྫ͸༷ʑ͋Δ͕ɼྫ͑͹ి৔Ei΍࣓৔
Bi͕୅දతͰ͋ΔɽϕΫτϧ৔ͷճస͸ɼ৔ͱͯ͠ड͚ΔճసͷӨڹͱɼϕΫτϧͱ͠
ͯͷճసͷӨڹͷ྆ํΛྀ͠ߟͳ͚Ε͹ͳΒͳ͍ɽͦ͜ͰɼϕΫτϧ৔ vi(x)ͷճసʹΑ
Δมੑ׵͸

TRv
i(x) = RijRvj = e−iu·(l+L)vi(x) (5.249)

Ͱ༩͑ΒΕΔɽ͜͜ͰɼR = D1දྻߦݱΛද͢ɽͦ͜ͰɼϕΫτϧ৔ͷճసͷੜ੒ݩͱ
ͯ͠,

Jk = lk + Lk (5.250)

Λಋೖ͢Δͱɼճస͸
TRv

i(x) = e−iu·Jvi(x) (5.251)
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ͱॻ͚ΔɽJ͸શ֯ӡಈྔͷԋࢠࢉʹൺྫ͍ͯ͠Δ24ɽͭ ·ΓɼϕΫτϧ৔͸Ұൠʹ |l,m〉|1,m′〉
ঢ়ଶͰల։Ͱ͖Δɽ

5.10.1.2 εϐϊϧ৔ͱͦͷճస εϐϊϧ৔͸ɼۭؒͷ֤఺ʹεϐϊϧ͕෼෍ͨ͠ঢ়
ଶΛද͢ྔͰɼؔ਺ ͷ૊͔ΒͳΔɿݸ2

ψ =

(
ψ1

ψ2

)
= (ψα) (5.252)

ͷ೾ಈؔ਺͸͜ͷΑ͏ʹॻ͔Εɼψ1͕εϐϯΞοϓͷঢ়ଶɼψ2͕εϐࢠͰ͸ిֶྗࢠྔ
ϯμ΢ϯͷঢ়ଶΛද͢ɽεϐϊϧ৔ͷมੑ׵͸ϕΫτϧͷ৔߹ͱಉ༷ʹ

TRψ = e−iu·Jψ (5.253)

ͨͩ͠ɼશ֯ӡಈྔ͸ࠓ౓͸

J = l + S = (lk +
1

2
σk) (5.254)

Ͱ༩͑ΒΕΔɽͭ·Γɼిࢠͷ೾ಈؔ਺͸ Ylm|12 , s〉Ͱల։Ͱ͖Δɽ

5.11 ΢ΟάφʔɾΤοΧϧτͷఆཧ (Wigner-Eckart theorem)

5.11.1 ΫϨϓγϡɾΰϧμϯ܎਺ (Clebsch-Gordan coefficients)

Ҏ্ͷྫͰͨݟΑ͏ʹɼhighest weight͕ j1ͱ j2 ͷঢ়ଶ͔Β |j1 − j2| ≤ J ≤ j1 + j2ͷঢ়
ଶΛ࡞Δ͜ͱ͕Ͱ͖Ұൠʹ

|J,M〉 =
∑

m1,(m1+m2=M)

|j1,m1〉|j2,m2〉〈j1,m1; j2,m2|J,M〉 (5.255)

ͱॻ͍ͨͱ͖ɼ〈j1,m1; j2,m2|J,M〉ΛɼΫϨϓγϡɾΰϧμϯ܎਺ͱݺͿɽ
͜ͷॻ͖ํ͸ɼ

|j1,m1; j2m2〉 = |j1,m1〉|j2,m2〉 (5.256)

ͱॻ͍͍ͯΔ͜ͱʹ૬౰͢Δɽ
ΫϨϓγϡɾΰϧμϯ܎਺ͷؒʹ͸࣍ͷ௚ަ͕ؔ͋܎Δɽ

1. ఆٛࣜʹ 〈J ′,M ′|Λ͔͚Δͱ

δJJ ′δMM ′ =
∑

m1,m2

〈J ′M ′|j1m1; j2m2〉〈j1m1; j2m2|JM〉 (5.257)

2. |j1−j2| ≤ J ≤ j1+j2ͷ࣌ɼ|J,M〉͸Vj1⊗Vj2ͷ௚ަجఈͰ௚ੵ্ۭؒͰ
∑

J,M |J,M〉〈J,M | =
1͕੒ΓཱͭͷͰɼ

δm1m′
1
δm2m′

2
=
∑

J,M

〈j1m1; j2m2|JM〉〈JM |j1m′
1; j2m

′
2〉 (5.258)

24֯ӡಈྔԋࢠࢉ͸͜Εʹ !Λֻ͚ͨྔͰ͋Δɽͦͷ৔߹ճసΛද͢ࠓͷԋࢠࢉͱҰக͢ΔͨΊʹ,!Ͱ
ׂΔඞཁ͕͋Γɼͦͷ͜ͱΛྀ͢ߟΔͱ௨ৗͷ֯ӡಈྔԋࢠࢉʹΑΔճసͷදݱͱҰக͢ΔɽҎԼͰ͸؆୯
ͷͨΊʹɼ͜ͷྔ΋શ֯ӡಈྔͱݺͿɽ
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5.11.2 ઁಈ࿦ʹ͍ͭͯ

ԋࢠࢉʹΑͬͯ΋ɼ֯ӡಈྔ͕ӡ͹ΕΔ৔߹͕͋Δɽྫ͑͹ɼ͋Δݻ༗ঢ়ଶ |n〉͕

H|n〉 = En|n〉 (5.259)

Ͱ༩͑ΒΕ͍ͯΔͱ͠Α͏ɽͦ ͜ʹ֎ྗ͕ಇ͍͍ͯͯͦͷӨڹͰϋϛϧτχΞϯ͕H+∆H
ʹม͞ܗΕͨͱ͢Δɽಉ༷ʹɼ֎ྗͷӨڹͰ೾ಈؔ਺͸ |n〉+ ༗஋͸Eݻʹ〈∆| +∆Eʹ
ͳͬͨͱ͢ΔͱɼγϡϨσΟϯΨʔํఔࣜ͸

(H +∆H)(|n〉+ |∆〉) = (E +∆E)(|n〉+ |∆〉) (5.260)

͜͜Ͱɼ֎ྗ͸খ͍͞ͱͯ͠ɼ1࣍ͷΦʔμʔ͚ͩʹ஫໨͢Δͱɼ

∆H|n〉+H|∆〉 = ∆E|n〉+ E|∆〉 (5.261)

|n〉͕Hͷݻ༗ঢ়ଶͰ͋Δ͜ͱΛͨ͏࢖Ίʹɼ〈m|Ͱظ଴஋ΛͱΔͱm = nͷ৔߹

〈n|∆H|n〉 = ∆E (5.262)

m 3= nͷ࣌
〈m|∆H|n〉 = (En − Em)〈m|∆〉 (5.263)

ΛಘΔɽΑͬͯɼݻ༗ΤωϧΪʔͷͣΕ΍ɼঢ়ଶ |m〉΁ͷભҠ֬཰Λ༩͑Δྻߦཁૉ͕∆H
ͷྻߦཁૉͱͯ͠ٻ·Δɽͦ͜Ͱɼ֎ྗ͕ zํ޲ʹಇ͍͍ͯΔͱ͢ΔͱҰൠʹ∆H = Kz
ͱॻ͚ΔɽʢK͸ఆ਺ɽʣ͜ͷ࣌ɼ∆H͸֯ӡಈྔ j = 1ΛӡΜͰ͍Δɽ

5.11.3 ΢ΠάφʔɾΤοΧϧτͷఆཧͱূ໌

͋Δঢ়ଶ ψͱ෺ཧྔ T̂ Λ͑ߟΔɽճసม׵ R̂ʹରͯ࣍͠ͷΑ͏ͳԋ͕ࢉ

|ψ〉 T̂→ T̂ |ψ〉
R̂ ↓ R̂ ↓
R̂|ψ〉 R̂T̂ R̂−1

→ R̂T̂ |ψ〉
(5.264)

Ͱ͋Δඞཁ͕͋Δ͜ͱ͔Β, ԋࢠࢉ T̂ ͷճస͸ɼڞ໾ม׵ɿ

R̂T̂nR̂
−1 = T̂mDmn(R̂) (5.265)

Ͱ͋ΒΘ͞ΕΔɽ͜ͷͱ͖ɼDmn͸ͦͷԋࢠࢉͷදݱͷදྻߦݱʹͳΔɽ͜ͷ͜ͱ͸ɼԋ
ࢠࢉΛड͚Δ৔߹ɼ͍͔ͭ͘ͷ૊Έͷԋ׵ճసʹΑͬͯࣗ໌Ͱͳ͍ม͕ࢠࢉ T̂n͕ճస܈
ͷදݱϕΫτϧͱ͍ͯ͠ޓʹม͞׵ΕΔ͜ͱΛҙຯ͢Δɽ
ࠓ T̂ j1

n1
͕ highest weight j1ͷط໿දݱʹଐ͍ͯ͠Δͱ͢Δɽ͜ͷͱ͖ɼ

R̂(T̂ j1
n1
|j2, n2〉) = T̂ j1

n1
|j2, n2〉D(j1)

m1n1
D(j1)

m2n2
(5.266)
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ͱͳΓɼͪΐ͏Ͳੵදݱ Vj1 ⊗ Vj2ͱಉ͡ม׵Λ͍ͯ͠Δɽͦ͜ͰɼΫϨϓγϡɾΰϧμϯ
͹͑࢖਺Λ܎

|T : J,M〉 =
∑

m1,(m1+m2=M)

〈j1,m1; j2,m2|J,M〉T̂ j1
m1

|j2,m2〉 (5.267)

T̂ j
n͕ |j, n〉ͱҧ͏ͱ͜Ζ͸ɼ֨نԽ͞Ε͍ͯͳ͍ͱ͜ΖͰ͋Δ͕දݱͷੑ࣭͔ΒɼJΛఆ
ΊΕ͹ |T : J,M〉ͷMͷҧ͏ঢ়ଶ͸ J−Λ͔͚Ε͹ಘΒΕΔͷͰɼ૬ରతͳҼࢠ͸දݱͷ
ੑ࣭Ͱܾ·͍ͬͯΔɽΑͬͯ

|T : J,M〉 = 〈J ||T ||J〉|J,M〉 (5.268)

ͱॻ͚Δɽ
ղ͘ͱʹٯ

T̂ j1
m1

|j2,m2〉 =
∑

J,m

〈J,m1 +m2|j1,m1; j2,m2〉|T : J,m1 +m2〉 (5.269)

ͳͷͰɼԋࢠࢉ T̂ ͷྻߦཁૉ͸

〈J,M |T̂ j1
m1

|j2,m2〉 = 〈J,m1 +m2|j1,m1; j2,m2〉〈J ||T ||J〉δM,m1+m2 (5.270)

ͱ͋ΒΘ͞ΕΔɽ͜ΕΛ΢ΟάφʔɾΤοΧϧτͷఆཧͱ͍͏ɽ
͜ͷੑ࣭͸ɼྔֶྗࢠʹ͓͍ͯ͸ඇৗʹ༗༻Ͱ͋Δɽ༷ʑͳ࡞༻ૉͷظ଴஋Λ͑ߟΔ

ͱ͖ɼຊ࣭తʹ͢ࢉܭΔඞཁ͕͋Δͷ͸highest

weight ͷ

৔߹ͳͲͰ

Ε͹͢ࢉܭ

Α͍ɽ

〈J ||T ||J〉 = 〈J, J |T |J, J〉 (5.271)

Ͱ͋Δɽ

5.12 ॖୀͱରশੑ (ิ଍)

Δ͜ͱ͕࣮༻తͰ͋Δɽ΋ͬͱ΋͑ߟʹΛઁಈత༺࡞ޓͷ໰୊Ͱ͸ɼ૬࣮ݱͰ͸ֶྗࢠྔ
؆୯ͳઁಈͷٞ࿦͸࣍ͷΑ͏ʹͳΔɽࠓϋϛϧτχΞϯͷݻ༗ؔ਺͕࣍ܥͷΑ͏ʹ༩͑Β
Ε͍ͯΔͱ͢Δɽ

H0|n〉 = εn|n〉 (5.272)

͜͜ʹɼH ′ͷઁಈΛ͔͚ͨͱ͢Δͱ,৽͍͠ϋϛϧτχΞϯ͸H + λH ′ͱͳΔɽ͜ͷܥ
ͷঢ়ଶΛH0ͷݻ༗ؔ਺ܥͰઁಈల։͢Δ͜ͱΛ͑ߟΔɽͭ·Γ

(H0 + λH ′)(|n〉+ λ
∑

m

cm|m〉) = (εn + λε′)(|n〉+ λ
∑

m

cm|m〉) (5.273)

͜͜Ͱɼλ = 0ͱ͢Δͱɼ͜ͷࣜ͸ eq.(5.272)ʹ໭ΔɽΤωϧΪʔͷઁಈ ε′͸ɼ͜ͷํఔ
ࣜͷ྆ลʹ 〈k|Λ͔͚, λͷ̍࣍ͷ߲Λൺ΂Δͱٻ·Δɽ࣮ࡍɼλͷ̍࣍ͷ߲͸

λ〈k|H ′|n〉+
∑

m

cmλ〈k|H0|m〉 = λε′〈k|n〉+ λεn
∑

m

cm〈k|m〉 (5.274)
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ͱͳΓɼݻ༗ؔ਺ͷ௚ަੑ͔Β
ε′ = 〈n|H ′|n〉 (5.275)

ΛಘΔɽ

Example θʔϚϯޮՌ : ҰൠʹٿରশͳܥͰ͸ɼ֯ӡಈྔ͕อଘ͠ঢ়ଶ͸L2͕ಉ͡ͳ
Β͹ΤωϧΪʔ͸ॖୀ͢Δɽͭ·Γɼ֯ӡಈྔͷେ͖͕͞ !Ͱ༩͑ΒΕΔঢ়ଶ͸ͦͷ࣓ؾ
+!਺mͱ͢Δͱɼ|!,m〉ͷΑ͏ʹϥϕϧ͞Εɼ2ࢠྔ 1ॏʹॖୀ͢Δɽͦ͜ʹ zํ޲ͷ࣓
৔Λ͔͚Δͱ

λH ′ = λp ·A = λBLz (5.276)

ͱͳΔɽͭ·Γ
ε′ = 〈!,m|H ′|!,m〉 = Bm (5.277)

ͱͳΓɼঢ়ଶ͸mʹΑͬͯ෼ղͯ͠͠·͏ɽ

5.12.1 Example:εϐϯܥ

εϐϯ̎ݸͷγεςϜΛ͑ߟΔɽεϐϯԋࢠࢉΛ Si = 1
2σ

i Ͱ͋Δɽεϐϯ֯ӡಈྔ͸
j = 1

2 ͷ৔߹Λ͑ߟɼ೾ಈؔ਺ |j, s〉͸ɼS3ͷݻ༗ঢ়ଶͱͯ͠

S3|
1

2
, s〉 = !s|1

2
, s〉 , s = ±1

2
(5.278)

ͷઢ݁ܗ߹ͰࢦఆͰ͖Δɽ
؆୯ͷͨΊʹ

| ↑〉 = |1
2
,
1

2
〉, | ↓〉 = |1

2
,−1

2
〉 (5.279)

ͱද͢ɽ·ͨ ! = 1ͱ͢Δɽͭ·Γ

S3| ↑〉 =
1

2
| ↑〉 , S3| ↓〉 = −1

2
| ↓〉 (5.280)

εϐϯ͕̎͋ݸΔͷͰͦΕͧΕΛ
−→
S (i)ͷΑ͏ʹ۠ผ͢Δɽ

ͷϋϛϧτχΞϯΛܥͷࠓ

H = H0 +HI

H0 = E(|−→S (1)|2 + |−→S (2)|2)
HI = 2λ

−→
S (1) ·−→S (2) (5.281)

Ͱ͋Δɽ͜ͷϋϛϧτχΞϯͷ೾ಈؔ਺͸ͦΕͧΕͷεϐϯͷঢ়ଶͷੵͰදͤΔɽͭ·Γ

Ψ(s, s′) = |s〉1|s′〉2 , s, s′ =↑ , ↓ (5.282)

Ͱ͋Δɽ

1. ঢ়ଶશͯΛॻ͘ͱ

Ψ(↑, ↑) = | ↑〉1| ↑〉2 (5.283)
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2. H0ͷݻ༗஋͸

HΨ(s, s) = E(|−→S (1)|2 + |−→S (2)|2)Ψs, s′ = E(
1

2
(
1

2
+ 1) +

1

2
(
1

2
+ 1))Ψs, s′ =

3

2
Ψ(s, s′)

(5.284)
ͱͳΓɼ̐ͭͷঢ়ଶ͕ॖୀ͍ͯ͠Δɽ

3. HI ͷݻ༗ঢ়ଶ͸શεϐϯΛ −→
J =

−→
S (1) +

−→
S (2) (5.285)

ͱ͢Δͱ

−→
J 2 = (

−→
S (1) +

−→
S (2))2 = (

−→
S (1))2 + (

−→
S (2))2 + 2

−→
S (1) ·−→S (2) (5.286)

Αͬͯ
2
−→
S (1)−→S (2) =

−→
J 2 − (

−→
S (1))2 − (

−→
S (2))2 (5.287)

4. ༗஋͸ݻ

HI = λ(j(j + 1)− 3

2
)) (5.288)

ͱͳΓɼશ֯ӡಈྔ jͷ஋Ͱܾ·Δɽ

5. ༗ঢ়ଶ͸ݻ j = 1, 0͕ಘΒΕΔɽ
(5.289)

6. ͜Εʹɼ࣓৔ʹΑΔ૬࡞ޓ༻HB = 2µB(S(1)
3 +S(2)

3 ) Λ͑ߟΔͱɼj = 1ͷঢ়ଶͷॖ
ୀ͕ղ͚Δɽ

5.12.2 θʔϚϯޮՌ

ϑΣϧϛΦϯ͕εϐϯ 1
2 ͷཻࢠͰ͋Δ͜ͱ͕֬ೝ͞Εͨͷ͸θʔϚϯޮՌͷ؍ଌʹΑΔɽ

ి࣓৔தͷిՙ−eͷిࢠͷγϡϨσΟϯΨʔํఔࣜ͸

i! ∂
∂t
ψ = Hψ, H =

$p2

2me
(5.290)

pµ = (H, $p) → (pµ − eAµ) = (H + eφ, $p− e $A) (5.291)

ͷஔ͖͑׵Λ͢Ε͹Α͍ɽ͜ͷͱ͖

1

2me
($p− e $A)2 =

1

2me
($p2 − e($p · $A+ $A · $p) + e2 $A2) (5.292)

͍·ి࣓৔Λ
$A =

1

2
B(−y, x, 0) (5.293)

ͱ͢Δͱ
$B = rot $A = (0, 0, B) (5.294)
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ͱͳΓɼz࣠ํ޲ͷఆ਺࣓৔Λ༩͑Δɽ͜ͷ $A͸ div $A = 0ͳͷͰΫʔϩϯήʔδ৚݅Λ
ຬ͍ͨͯ͠Δɽͦ͜Ͱɼ͜ΕΛ୅ೖ͢Δͱ

$p · $A+ $A · $p = 2 $A · $p = B(xpy − ypx) = BLz = $B · $L (5.295)

Αͬͯ

H =
1

2me
$p2 + eφ− e

2me

$B · $L+
e2B2

8me
(x2 + y2) (5.296)

͜͜Ͱ
$ML =

e

2me

$L (5.297)

Λيಓ࣓ؾϞʔϝϯτͱݺͿ. Αͬͯɼ࣓৔ʹΑΔઁಈΛ͑ߟΔͱɼΤωϧΪʔ͕ $ML · $B
͚ͩγϑτ͢Δɽ͜ΕΛਖ਼ৗθʔϚϯޮՌͱΑͿɽ
Ұํɼγϡςϧϯɾήϧϥοϋͷ࣮ݧʹΑΔిࢠϏʔϜͷ෼྾΍ɼҟৗθʔϚϯޮՌ

ͱݺ͹ΕΔΤωϧΪʔͷγϑτ͕ൃ͞ݟΕͨɽ͜Ε͸ɼి͕ࢠεϐϯ֯ӡಈྔ 1
2Λ࣋ͬͯ

͍Δ͜ͱΛ͋ΒΘ͠ɼͦͷγϑτ͸࣓ؾϞʔϝϯτΛ

$M =
e

2me
($L+ 2$S) (5.298)

ͱ͢Δ͜ͱͰɼఆྔతʹ߹͏͜ͱ஌ΒΕ͍ͯΔɽΫΥʔΫɾϨϓτϯͱ͍ͬͨૉཻࢠ΍֩
ͳͲͷϑΣϧϛΦϯ͸Ұൠʹεϐϯࢠ 1

2Λ͕࣋ͭɼͦͷ࣓ؾϞʔϝϯτ΁ͷεϐϯ֯ӡಈ
ྔͷد༩͸ҰൠʹཻࢠʹΑΔɽ͜ͷ͜ͱΛྀͯ͠ߟҰൠͷཻࢠͷ࣓ؾϞʔϝϯτΛ࣍ͷΑ
͏ʹఆٛ͢Δɽ

Ϟʔϝϯτ͸ؾͷ࣓ࢠཻ

$M =
e

2me
($L+ g$S) (5.299)

ͱද͞Εɼg͸ཻࢠͷछྨʹΑΔ͜ͱ͕஌ΒΕ͍ͯΔɽ͜ͷ gΛϥ
ϯσͷ gҼࢠ (g-factor)ͱݺͿɽ

ͭ·ΓɼҟৗθʔϚϯޮՌ͸ిࢠͷ g-factor͸ 2Ͱ͋Δ͜ͱΛࣔ͢ɽ͜ͷ g-ϑΝΫλʔ
͸৔ͷྔࢠ࿦ͷޮՌΛऔΓࠐΉͱΘ͔ͣʹ 2͔ΒͣΕΔ͜ͱ͕஌ΒΕ͓ͯΓɼྔྗ࣓ిࢠ
ֶͷূݕͱͯ͠ྑ͘͞ڀݚΕ͍ͯΔɽ
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