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p'p + m? = <_pu7“ +m)(p,y” +m) (5.1)
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00 = —pup"Y” — pm+mpy” +m?

1
= —mn A (52)
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{2 = -2 (5.3)
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(=put* +m)(p” +m) = 1" pup, +m? (5.4)

N0000000000000000000000000000
(i7", +m) =0 (5.5)
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5.1 Lorentz UODDOOODODOO

gooooobobobbbobbobbbbbboboooboooooououdooooogo
gbogobobbodgbbbdobogboobobuobbuoobbooboooboon
goo

4000000v*=(",¢)0000 Lorentz OO
vt = ™ = A Y (5.6)

000 (v,w)OOOOOOOOOODODOOOOOOODODODDOODOwrDODODOOOOOO
goobodgd

(v, w) = Nuurw” = 9, Ao A 07w (5.7)

gooogoooooo
M A o A\ = 170 (5-8)
0000000000LorentzO0 DO O0000O0O0O0OOLorentzO O(3,1)00000 MO

5.1.1 LorentzO O OO0O Lorentz OO

Lorentz 0 0 O O Lorentz facter 0 v = 1/4/1 - 320000800 0000000
00000000 SOobOooooooooooon

0 = (W4 fF) > 00 ="+ F- 7

V= y0F 4 B0 = T =T+ G (5.9)
00000000000=00|f|lx10000000000O0O00O0O0
€ 0 gt -k ]' o
(A") =1+ 7o =1—if"K =6 — zé(w” M,") (5.10)
oo
01 00 0010 00 01
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Kl :Z 5 KQ :Z y Kg :7, (511)
00 0O 1 000 00 0O
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000 O 0 0 01 00 -1 0
Ly =i 7L2:i ,ngi
00 0 -1 0 0 00 01 0 O
001 0 0 -1 0 O 00 0 O
(5.12)
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~ooooooon ~
oooooooooobooooooob Ly,oooo0O Ky, Oooooooooooooo
oo0
[Ki, K] = —iej L (5.14)
[Li, K] = i€gu K (5.15)
oooo
0 0 1
Ly = ( AR ) = §€kijMij (5.16)
{0 é -
Kk =1 . = Mk:O = _MOk (517)
Ck 0
oooo
J

oooooo MO M;0000M,000000000000000000000
gboobooooboboooobbbdan

1
(A" )" = vt — iﬁ(w’“Mpa“,,)v” (5.18)

gbooogoboobooooon

A= €7i%w‘wM‘“’ = 67i(9iLi+’8iKi) (519)
oood
ooo MJPDDDDDDDDDDDDDDDDH
Myot, = —i6 11, (5.20)
Oo0doo4000000000000000
1 1
vt = WP Myt v" = —iiw”"ch;na],,v” = —iw 0., 0" = —iw" v, (5.21)

ooboobooobooobooobobooboooboboob w0 0oobOooDbOogD
OOooooooon
WO = gF = Ok i — ciikg, (5.22)

oobooboobobobo K, L, 0bodboobooboobooboobooonon
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Lopop0000000000000000000»000000000000000000
ByMODDDODODDODODDOO0OO0OO0000000000000

[Mpo'7 Mp’a'] = 7:("7;)[p']\200’] - na[p’MpU’]) (523)
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~0000000 (2) ~

[Mpm Mp’a’] = _i(np[p’MU’}U - na[p’MU’]p> (5'24)
O00o000oooo [, ]ooo000oo0ooooed

Ay B, = AuB, — A, B,.

go0o00o0o0oo0ooooooooo MOoOoOoOoooooooo
Proof :

[Myo, Myor] = —(5ﬁnﬂx5ﬁﬂhqu—-5ﬁﬂkqx5ﬁnﬂu)
_(5&770] Mo’ lv — 5{;/770’}[,0770]1/)

= _(55770#770’1/ - 55/770’/)7701/
_5577pp’ No'v + 55/ N’ pTlov
_5'[;7700’77#1/ + 5;:/ No' o Npv
+5g77pcr’77p’u - 55/77p’a77pu)

= _i(nap’Mpa"uu - 5Z/na’pnay

1%
—Npp’ ooty + 55/77p’p770u
<=II

_nao’Mpp’uu + 5::/ No' o Tpv

<III
+Mpo’ Map//; - 65/77p’a77py)
———
) <=
= _Z(np[p’Ma’]aul/ - na[p’Ma’}pNV) (525)

obobooooboooboob0oboodb MODUODUODOOUOODOUODOUODUODUOD Lorentz
ugboboobooobooon

~

[MPU7 Mp/a"] = _i(np[p’MU’]O' — na[p’Mo"}p) (526)

ooo. q.e.d.

5.1.2 Clifford0 0000000

oobooboobdoobooooobobobuoooobobobobooobbobdob
ooboooooooooobooboooboooooboobooboooboooboodogD
gboobodgg

{97} = -2 (5.27)
0000x00000000000000000004*000000 Clifford0000

0028 x28l 00000 “0Clifford 0000 0000000000000 0000000
0000000000000 ooon

(V)'=7" (") =" (5.28)
4,0 2,000000000000000000000000
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0000000000000 00 kO0000b0bObOOoooooon
goog .

EMV:E[7M>7V] (5'29)
OM,0000000000000000000000000000000O0O0O0O0O0AO
goooudoooobooobooooooooooooooboooooooo
ooooooooooodd

gobooo

000d000000000000 4dd-1)00X000d00000 SO(d)0
000000 (CO000)oooo2éloo0000000000o0

OO0O0Od Cliferd 000000000 OO0ODOOODOOODOOODOOOOODOOOOO
gboobooooon

1 1 1
— v, el = = 7%l = = (- <)
16 4 4
= Z<_nup7[u7)\] + MNvp =" (530)

goooo CliffordDDDDDDDDDDDDDDDDDDDZW:%[VM,WV]DDDD
0O

[Euwsz\]:i(nu[pzvk]_m[lozu%]) (5.31)
oodgoooooggooooogg40o0dgopbo oo oooooooooog
ogopoog

0040000000000 00bDOOo0uooDoooboogoono

1

1 .
L= o7 Vi (cyclic) , K;= ;10 (5.32)

ooobdbobobooooobbobobolb K, L, 0boboooooooboobo
gooboooobbboooobobboooobbobooon

OOooo0oboobOoboobooboooboobobobobobooooobobyonog
goobodgd

~000ooooo N
o= Y =Ug, = P =9U! (5.33)
ooo
U = ¢ U0 Li+BK:) (5.34)
000y =9 0000

oogd
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1.»000000v¢y — ¢ =9U'000000000000(000)
15! 2° = =3, (5.35)
0000000000000o

2. 000000000000000000D00000000000000000n
0oQg
U™AU = APy (5.36)

(DbO0)oooo0o0 ¥,000000

1 e .
WP [y*, Zpg] = _Q_iwpa[{,yp’,yu}’,ya] = —iwh v, = (w- M)*,y (5.37)

Dboobooboobod

5.2 DiracOl 00

DiracUOODOODOOOODOODOODOOOOOOOOOOODOLOODODLDODOODOO
gbudgbbobobodboobboodboobbodoboobboboobooboon
gbobobuoogobbbooobobobooogobbbuoooobboao

(iv"0, —m)Y =0 (5.38)
O000000000000000000000 GammaOOOOO (5.36) 00
(iv"0, — m)y" = U(iy"0, — m)e (5.39)

gboobobobobbuoobboodbbuoobbuoobobobboobbobboon
gbooboogon

5.2.1 y0000000000 SL(2,C)

ooobooooobobobooobobUK, L, 0oboooobobobooooon
gbogbbouoobbodgboobbuoobbobobuoooobuoobbooboon
gboobogoggooobod

1
Afzzé(pjiikg) (5.40)

0000000000 A*000000000 SU(2)0000000000000
[AF, AT =iep Ay and [Af, A7]=0 (5.41)

0000000000000000 SU(2)Uooooooooooooooooooo
00000000000 00000O0O SUu(2)Uuooooo0oooooooooUooo
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0000000000 (jy,j.)000000000000 D;,
n=(2,+1)(2j_+1)0000
000000000000000000

gboboobbogobn

(57 O) + (07 5) (542)

gboobogooobooan
gboobgbgbodgboogbooobuoobuoobboobbodgbbooboo
googodboooobodboobobuoobbooobbooboobbooboon
gboobooggoobobod
goboboooobbbooooboboboooonboo

o ( _(;# —g“ ) (5.43)

o =(-1,6) and & =(-1,-7) (5.44)

goo

(Wess-Bagger)O 0 0 O

01 0 ok
0 k
p— pumy '4
v (10),7 (—ak0> (5.45)
00o00000oo0oon

L =Y(iv"0, — m)y (5.46)

oooo
P = ly° (5.47)

gbodbobogoboogbobbuoouobobbuoobboobbuoobboon
gbooboooobbboooobbboooobobbooooboboboooon

YT = U =) = U =yU ! (5.48)

gbboboooobobboooobboboooobood
goboobooooboboooooon

1 1 e 0 | o, O
Y= — = — ’ = — A 4
K 44 s 0] 47 ( 0 010 ) ! < 0 ow ) (5.49)

gooobobobooooboboboooo20b0bbooooboboboooooboboood

1

1 .
Li = 5oy (eyelic) , Ki= 5270 (5:50)

BWBOOOp, = (—E,§) 000 o#p, = E+6p000 0000000
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=7 YY) k=Y (5.51)
0 g; 0 —0;

00000000000000000000000000o0oooo!e

gooo

10\ .
7Y = ( 01 ) = i’y (5.52)

gboobooooboboooogbon

LOROOOOODOOOOODODOODLDOLDOOOObLODLDOODbObLDOObODLOn
OLO000 RODODOODOOOOODOOOODOODOO

5.2.2 UU0O0OOOOOOO0OOLOOOOOO0

gobogobbooobooobbooobbobbodbbuoobuooboononb 20
gbooob200000000000000000

Z(ao —O"V)QﬂL = 0
i(Oo+o-V)yr = 0 (5.54)

00000000006, =(-1,6) and " =(-1,-6)0000"
—io" 0’ = i(0 — o - V)i = 0 (= mg) (5.56)

—i6"*P 0,65 = i(0p + 0 - V)¢ =0 (= m7) (5.57)

D00000000000000000 70000000000 ¢ 000000000
0000000000000000000000
oooo

i(0p — V)i(0y + V) = =05 + (V) =00 (5.58)
0000000000000000000000000000000000000000
OO0D0DOLeft-Right 0000 ¢, =p00000000

o-p

i(@o—a-V)¢L=0:> (E+0p)¢L:0:> i

Y =—y¢,(00) (5.59)

Oon’0000’00000000000
17

N _ _p _ o
Ow_p=—-0p_g, Ow_p=—0p_g (5.55)
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gbbobuoooobbbuooobbbuoooboboouoon
gbooboooobobboooobobooooboood

(iv*0, —m)y =0 (5.60)
goooogooogd
—m i(0y+0-V)
(o @) o

gbhoobodbooobobduobboobooboobooboboobbooboon
gboogoobbuodgbbogboboobooboobbuoobboobooooboon
gbogbbodgbogbbbuoobbooboobbooboobobobodboon
goooo

Dboboobooboon

(198, + m)(99,, — ) = (3,0" — m)p = 0 (5.62)

gbooboooobboboooobbooooboboboooobobboooobobog

53 000 (QOO0O0O)

Do0oooboboobobobd DracOO0000DOODOOODOODOODODODOODO
googobobbodbooobuogugbboobooobuoobobooboboon
gbooobooogon

gboobuogoobobooooan

Y =u(k)e®™ | k= —m? (5.63)
D000Dirac000000D0O0
(—"k, —m)u(k) =0 (5.64)
D000000000000000000
(7-k)(o-k)=—k*=m? (5.65)
D00000000000000000000000
(T () () o

gobobobb00es 0000 20000000000000000000000000

00
ol — ( L ) Ca® = ( X ) (5.67)
0 1
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gooo
Proof : 0000000 OODOODOODODLOO

_ 5.k Tk 5-kVo -k

mnee wky= [ ~"VZE 9EVE “ =0 (5.68)

oc-k —m oc-kvo-k —-mvo-k o
googboooooogoooobibooooooooooibiD «0O00ODO00000d
Oo0o0oooobooooooououoooooog q.e.d.

gbooboogooood

Y(z) = v(k)e ** (5.69)
(YWky, —m)v(k) =0 (5.70)
goodog
s/ Vo - ka®
vi(k) = ( BN ) (5.71)
54 U0OU

gboobboooooboooobobooboooobobbooobbbuoooooboboo

0@ = [ i S (R + ()

27'(')3 vV 2Ek
77/_1(1:) _ / A2k 1 Z(ds@s(k)eik-x + bsTﬂs(k)e—k-x) _ QN’VO (5 72)
(2m)3 V2B <= K . '
00000000000000000000000000 (anticommutation relation)
{B bl } = {di, i1} = 67 (27)°8% (k — K) (5.73)
ooood
ooon

<

/ Pkd’K 1
(), d(a)}eg = / (27)S Nﬂz

({0 by (k) (W) 0 4 {di] dig Yo (k)0 (K e 0)

~ | G S W) o Ry (e )

d3k 1 ili(x—x’) m 7, 053 /
= | Grpan” (V(k+k)u) =770 (x —x) (5.74)

D000k = (B, k)OO0

> wi(k)ut(k) = ( :’; ‘;f ) = 'k, +m
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S v (k) (h) = ( o ffn ) ik —m (5.75)
ogooogogog
{¢(x), P (2")}eg = 0°(x = x') 14 (5.76)

Ooo®o

5.5 00000 Propagator
doooooooooooooooooooooood
Sret(r —y) = (01 (2), ¥ () }0)a050 = (170 + m) Drer(x — ) (5.77)
gogo

Proof : 200 000000000000

Ol@owio = [ d(;‘f);‘/Q e 2w () 2 - )

Pk 1 ,
= / (—vuku—l—m)elk(m_y)

(27)3 2Ey
Pk 1
_ e L k)
(in"0, +m)/ ok 2Eke (5.78)
d*kd®k’ 1

O] (y)Y(x)|0) = / @) 2\/@ZUs(k)@s’(k/)ei(ky—k':c)(2ﬂ)353(k_k/)

Pk 1 o
B / Gy 2, ) e et
Pk 1

(Al o - ik(y—w)
(iry @L—i—m)/ n)? T (5.79)

gooo
gboobooooboobooooooon

Sr(z —y) = (0[Th(2)d(y)|0) = (" —y") Ol (2)¥(y)]0) — (y° — 2°)(0f(y)(2)]0)
= (19" +m)Dp(z —y) (5.80)

gbooboooobobboooboboboooobood

(2)e(y) 2* >y

T{p(x)(y)} = {Z(y)w(@ > a0 (5.81)

B0oD0D0000000000D000000000000000D0D0O0O0D0000000000000
gbooobooooboobooooobooo
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gboobooogobobod

K .
) = [ )
_ / d4k: i Jik(z—y)
—F —m +ie
gaad
£ ="k,
gogd

(= m)(—k +m) = —k* = m”

gbboboug2000b0buooogbboboooobobuoooobn

(i@ —m)Sp(x —y) = id*(z — y)14

gboobooogon

5.5.1 UU0O0OO0OODOOOOO0OO

gbbooggn

L = QZ(Z'V#@M - mW
= zﬂfyo(i’yo@o + iV, — m)

00000000, =000
H:/da%(—mkamm
D0000000000D00000

H = /dx?’w(—m -V + Bm)y

000000000"=~08=+4"0000000000000000000

H=a -p+mp
OO0DiracOO0O0OD0OO0ODOOODOOODOOODO

POoO0o0O0000000000O0000o0Ooon

H=np—L

gbobooboobooobooboboooooboooooaoa
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(5.82)

(5.83)

(5.84)

(5.85)

(5.86)

(5.88)

(5.89)

(5.90)

(5.91)

(5.87)
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gbbbuoogbobbbooodgbbbuoooobbbuooobbboooon
gbooboooobbbooooboboboooon

dgk & S S S S
s=1

gbbobuooobobboooobbbuooobbboooobbbao

N d3k : S S S S
P= / Bt (—iV)y = / 2 > k(byby + dyldy) (5.93)
s=1
D0000D0000000000000000000000

" = ey (5.94)

gboooboooobobooan

) -
o= s 2 (it = i) (5.95)

0000000000000 0di|0)0000000000000000000000
00000000000

s=1

5.6 U0OUO

000000000000000 PaliDOOyOOOO0OOO

1 0 0 — 0
= d = 5.96
o (20) e (2 ) -

dodooooooogoogdg
(—cp“%—l—Mcz)zp:(—E%—cpk'yk+M02)@/):O (5.97)
Jodddioib~nO0Ob0DbbU0Oo0o0oog (70)2:1DD

(=B + cpfoy + MB)p =0 (5.98)

0 o 1 0
a:’yofyk:<0k Ok> and ﬁ:’yo:<0 _1) (5.99)

1 1
1 -1

goo

S

2ODDDDDDDDDDDDDDU:1< )DDDD
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gboboobuoooobbobooogon

5.100
cG-p —Mc? ( )

Mé -
H:C&ﬁ+MCQBZ< C co p)
gboodoouodoooouodououoouoououoouoooooooo
Oodooooooooooooooodgon

godooodoooooonod

Mc: - FE c-p

gooboooobbboooon

M —E 7P
det| ©7C. 7 P =0 (5.102)
coc-p —Mc—F
0000000000000
E? — M?¢* — (¢ - p)? = B> — M*c* — 5" =0 (5.103)
0O0ooo00oo
E=+FE,=+\/M?c* + 2p? (5.104)

O00000000000000000000O0 onshell (OODO)0D00OO0OOO
F=fp,00000000000C000D0FE=-E,000000000000

DDDDDDDDDDDDDDDDDDwz((b)DQDDDDDDDDDDDDDD
X

gbogbobodgboboobuoobbodoboobobuoobbobooboboboboon
gbooboooobbbooobbobooogbobobooon

(Mc> —E)p+ci-px=0 and cd-pop— (Mc*+ E)x =0 (5.105)
E=FE,>000000000
co-p
- _—r 5.106
X= g e’ (5.106)

00000000000000000000 |x|<|¢/0000¢0 Large component, x
0 small component ] 000 00000000000000000O000O000O00O0

(5 - p)*
E,—M*)p=—""— 5.107
(p C)¢ Ep—|—MC2 ( )
gboboboogobbbooogbbbuoooobbbuooobbbooogn
=2 2
p p
Ep=— O(—— 0.108
¢ 2M¢+ (MQCQ) ( )

obgod200000000000000000bO00bO0o0bOo0bOo0bOoDn
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5.7 Discrete Symmetries

1. Parity:0 0000000000000 0OO0OO00OO0ODOOOOO0OOOOOOOn
gbooobodgg

w(tax) — ’Yow(t7 _X) (5109)
Ooddooogoooooooooogon

gbobogoobbbooobboooobboooobobbbooobooboboo
OoOpPOLOODOO

PPt =mb* . PPl =nd*; (5.110)
OoooPPi=PP=1,000 ng,ngzilDDDDDDDDDDDDDDDD
dSk 1 S s ik-x st s —k-x
PP = [ G g L O e
dgk 1 C ik-w * 75T s ~ka
= /W—m ;(nbbku (k)e™™ +mydy'v®(k)e ) (5.111)

D000AO0D0D000DO000000D0000 k=(k° -k 000000
k-oo k-oa ~
u(k) = - — _ = 7u(k 5.112
(k) ( hm) (ma> (k) ( )

v(k) = ( _%a ) = ( /oo ) = (k) (5.113)

goo

0000y, —x) 0000000009, =—n0
0000 Parity OO0 OODO bilinear [
PYUP = | [ib(t, —x) (5.115)

bilinear OO OO0 parity DO DO OO ODOODOODOODOODOODOOOOOOOO
bbOdnp=10000000000000

P(t,x)P = 7" (t, —x) (5.116)
00 bilinear 00000000000
PUYYP = —py (t, —x) i
vytp(t, —x)  for p=0

PUUP = B ult, —x) = { o3 o G117
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2. Time reversal:J 00000 cnumber 0O ODOO0ODO0O
TcT =c (5.118)
000 00 anti-linear O involution D 0 00000, 00000000
Y — T(t,x)T = y'v*(—t,x) (5.119)
OO0O00000O000oobOooobooooooboobooDo

TOHT =b75 , TdiT =d% (5.120)

gobogobogoobboboobboobooobooboobobobooooboon
OO0 cprooobooboobbooboobbooboobobooboobooboboobooogD
OO00O0DbOo0o0O0obOOooobO  cpTODOOUODODOODODODODOODODO



